SURFACE WITH INVOLUTION AND PRYM CONSTRUCTIONS 



MINGMIN SHEN 

Abstract. An involution on a surface induces involutions on the cohomology, 
Chow group and Brauer group of the surface. We give a detailed study of those 
actions. We show that the odd part of these groups can be used to describe 
O ' the geometry of cubic fourfolds and conic bundles over P 3 . 

go 



1. Introduction 

When a curve C admits an involution a : C — > C, its Jacobian J(C) splits 
into the even part and the odd part. When a has no fixed point or exactly two 
fixed points, the odd part Pr(C, a) = Im{<7 — 1 : J{C) — > J(C)} admits a natural 
principal polarization. The resulting principally polarized abelian variety is defined 
to be the Prym variety of C with the involuation a. See [7] for more details. Among 
many interesting applications, the theory was used to characterize the intermediate 
Jacobian of certain types of Fano threefolds and quadrics bundles (see, for example, 
[3 E 13 E]). Together with the geometry of the theta divisor, such a description 
was used to study various rationality questions. 

In this paper, we study the case where the curve is replaced by a surface. 
Throughout the paper, we will be working over the field C of complex numbers. 
Let S be a smooth projective surface with Hi (S, Z) = and a : S — > S an involu- 
tion with only isolated fixed points. Then a induces involutions on the cohomology 
R 2 (S, Z), the Chow group A (S) of 0-cycles with degree zero and the Brauer group 
Br(S). 

Definition 1.1 (see [3]). Let A be an abelian group together with an involution 
a : A — > A, then we define the Prym "part of A to be Pr(A, a) — Im{cr — 1 : A — > A}. 

With the above defition we can talk about the Prym part of the cohomology, 
Chow group and Brauer group of S. For the cohomology group, we usually have 
a geometrically defined submodule M C H 2 (S I , Z) of algebraic classes and take 
the Prym part of its orthogonal complement Af x . This should be viewed as the 
Prym part of "primitive cohomology" . Then this Prym construction can be used 
to describe the Hodge structure, Chow group and the "second Brauer groups", 
Br2(A) (see Definition I3.11|) . of cubic fourfolds and conic bundles. To be more 
precise, if X C P 5 is a smooth cubic fourfold, then we take S = Si to be the surface 
of lines meeting a given general line I C I. Then there is a natural involution a 
on S induced by taking the residue of two intersection lines. If / : X — >• B = P 3 
is a standard conic bundle, then we take S to be the surface of lines in broken 
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conies. We assume that S is smooth projective with Hi(5,Z) = 0. Then there is 
again an involution a which is induced by switching the two lines in a broken conic. 
With the technical assumption that the degree of the degeneration divisor is odd 
in the second case, we show that the Hodge structure and Chow group of X can 
be recovered as the Prym part of the corresponding structures of the surface S. 
The group Bi2(X) can also be recovered in generic cases. When X is special, there 
might be a 2-torsion subgroup K of Br2(A") which does not appear in the Prym 
part of the Brauer group of S. In the case when X is a cubic fourfold, this group 
K is independent of the choice of the general line I C X. So far we do not have an 
example where the group K is nontrivial. 

The plan of this article is as follows. In Section 2, we give a detailed study of 
the action of a on H 2 (5', Z). The main results are summarized in Theorem 12 . 71 and 
Theorem 12.81 It turns out that the structure of this action is quite sensitive to 
whether a has fixed points or not. In section 3, we study the Prym part of the 
cohomology, Chow group and Brauer group of 5*. Sections 4 and 5 are devoted 
the application to the case of cubic fourfolds. Section 6 studies the case of conic 
bundles over P 3 . 

Conventions and notations. (1) Let A be an integral Hodge structure of weight 
2k. Then we use Hdg(A) = A fe,fe n A to denote the group of integral Hodge classes. 
If A comes from geometry, we also use Alg(A) C Hdg(A) to denote the subgroup of 
algebraic classes. When A is polarized (which boils down to an integral symmetric 
bilinear form), we define A tr C A to be the orthogonal complement of Hdg 2fc (A). We 
also use T(A) to denote the quotient of A by Hdg(A). If A = H 2fc (Y, Z)/tor comes 
from geometry, we also use Hdg 2fc (Y), Alg 2fc (T) and T 2k (Y) to denote Hdg(A), 
Alg(A) and T(A) respectively. (2) Throughout this paper, we use G = {1,0"} to 
denote the cyclic group of order 2. For any abelian group A, we use A + to denote 
the G- module A on which a acts as +1 and A- to denote the G- module A on which 
a acts as — 1. (3) Let V be a vector space of dimension n, and 1 < ry < . . . < r m < n 
a sequence of increasing integers. We use G(rx, . . . ,r m ,V) to be the flag variety 
parameterizing flags V\ C ■ • • C V m C V with dim 1^ = fj. If m = 1 and ri = 1, 
then we use P(V) to denote G(l, V). If we replace V by a vector bundle S ', then we 
define the relative flag varieties in a similar way. (4) For any morphism / : Y — » X 
between smooth varieties which is birational onto image, we define the normal 
bundle jVy/x of Y in X to be the cokernel of the homomorphism df : Ty — > f*Tx- 

2. Surface with involution 

In this section, we fix 5 to be a smooth projective surface over C. Assume 
that there is an involution a : S — » S with finitely many isolated fixed points 
x\,...,x r G S. This section is devoted to the study of the action of a on the 
cohomology group H 2 (S,Z). 

Let Y = S/a be the quotient. Then Y is a projective surface with finitely many 
ordinary double points y\, . . . , y r S Y. Let n : S — > Y be the natural morphism of 
degree 2. We use S to denote the blow up of S at the points x\, . . . , x r with E[ being 
the corresponding exceptional curves. We use Y to denote the minimal resolution 
of Y with Ei being the exceptional divisors. Note that the E^s are (— 2)-curves on 
Y. Then a induces an involution, still denoted by it, on S with all points in the 
-E^'s being fixed. One also easily sees that Y is naturally the quotient of S by the 
action of a. If we use ff : S — » Y to denote the quotient map, then we have the 
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following commutative diagram, 




where / and g are the blow-up's. 

On a complex analytic space X, we use H P (X) to denote the sheaf associated to 

U ^U P (X,X -U). 

Note that the stalk of ~H P (X) at smooth point x G X is, by excision, equal to 
H p (B, dB) where B C X is a small closed ball centered at x. Hence H P (X), for 
p 7^ 2 dime X, is supported on the singular locus of X. 

Lemma 2.1. Let Y be the quotient of S by a as above, then 

(i) H p (Y)=0,forp^2,4. 

(ii) 'H.2(Y) is the skyscraper sheaf supported on yi 's with %2{Y)y i = Z/2Z. 
(Hi) T-Li(Y) is the constant sheave isomorphic to fi4(Y,Z) = Z. 

Proof. We know that H P (Y) is zero at smooth points of Y forp ^ 4. By assumption, 
we can embed Y in some projective space. Let B, C F be the intersection of Y and 
a small closed ball (in the ambient projective space) centered at yi. By construction, 
Bi is contractible. By excision, we have isomorphism 

Consider the long exact sequence associated to the pair (Bi, dBi), 

U P (dB l ) H P (B,) H p (Bi, dBi) B. p -i(dBi) • • • 

Since Bi is contractible, we have K p (Bi) = for p ^ and H (i?i) = Z. It follows 
that 

B_ p {B i ,dB i )=B_ p _ l {dB i ), p = 2,3,4 

and we also have B. p (Bi,dBi) = for p = 0, 1. Let B, C ^ be the inverse image 
of £>i. Then Bj can be thought of as a tubular neighbourhood of E, t = P 1 in Y . 
Then dBi — dBi is homeomorphic to the unit circle bundle over E$ sitting inside 
jV E .jY — Opi(— 2) (equipped with some hermitian metric). Hence dBi can be 
viewed as a circle bundle over P 1 whose Euler class ej = —2 € H 2 (£'j,Z). Consider 
the associated Gysin sequence 



= H 1 (£7 j )- 



H 2 (^ 



H 2 (as 4 ) — 



One easily finds H 1 ^) = and H 2 (<9B;) 

'0, 

K p {dBi) = { Z, 



Hence we have 



/ Hp{Y)y t 



0, 

Z/2Z, 



Z/2Z. By Poincare duality, we get 

p=2 
p = 0,3 
■ P=l 

p = 0,l,3 
p = 2 
p = 4 
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The lemma follows easily from this computation. □ 

On a complex analytic space X, we have Zeeman's spectral sequence 

El q = W(X,U V {X)) =^ H P _ 9 (X,Z) 

which measures the failure of Poincare duality, see [17] . The differential d r goes as 
follows 

jr . Tpr . rpr 

u ■ ^p.q r ^p+r-l.q+r 

The convergence means that there is a filtration 

H S (X) =F»DF s b..g F: i - S DO, n = dim R (X) 

such that E™ g<g ^F?/F?+K 

We apply Zeeman's spectral sequence to the singular surface Y, and note that 
Ep q = unless p — 4 or (p, q) = (2,0). This means that E 3 = E 2 and we have the 
only nontrivial differential map 

d 3 : R°(Y,H 2 (Y)) = (Z/2Z) r -> H 3 (F,Z) 

We set 

(1) M = ker(d 3 ), N = im(d 3 ). 

Then from the spectral sequence, we get the following 

Proposition 2.2. Let Y be a projective surface with only isolated ordinary double 
points y\ , . . . , y r £Y as above. Then the following are true. 

(1) D[Y] : H*(Y,Z) -> H4_i(y,Z) is an isomorphism for i = 0, 1,4. 
(ii) There is an exact sequence 

o — ^H 2 (r) ^H-H 2 (y) — ^r°(y,h 2 (y)) h 3 (f) -^Hi(y) — ^o 

Remark 2.3. If we split the above exact sequence in (ii), we get the following 
short exact sequences, 

(2) >H 2 (y,Z)^lH2(y,Z) s- M s-0 

and 

(3) *-H 3 (F,Z) -^LHi(F,Z) ^0 

Consider the Leray spectral sequence associated to the resolution / : Y — > Y, i.e. 
E% q = FP(Y, R q f*Z) =>■ H p+9 (f, Z). 

Note that 

'Z, q = 0; 

R q f*Z = i0, q = l; 

®r =1 tf{E % ,Z) yt: q = 2. 

From this we get that 

(4) /* : FT(r,Z) ->• rf(Y,Z) 

is an isomorphism for i = 0, 1, 4. There is also an exact sequence 

o — H 2 (r) — C~ h 2 (f) — ^ ©I =1 h 2 (^, z) H 3 (r) — ^ h 3 (y) — ^ o 



SURFACE WITH INVOLUTION AND PRYM CONSTRUCTIONS 



5 



This sequence is compatible with the one in (ii) of Proposition ^. 21 in the following 
sense. Using Poincare duality on Y, we can define 

/* : W(Y,Z) = H 4 _j(T, Z) -)■ H 4 _ i (Y,Z). 

Then fj* = D[Y] : W(Y,Z) H 4 _ 4 (T,Z). If we identify R (Y,H 2 (Y)) with 
©£ =1 H 2 (<9.Bi, Z) as in the proof of Lemma I2TT1 then we have the following commu- 
tative diagram 



0- 



■H 2 (F) 



/* 



■ h 2 (f) 







H 2 (y)^lH 2 (y) 



^H^Z). 



■H 3 (F) 



/* 



H 3 (f) 



=1 H 2 (a^,Z) 



H 3 (Y)^Hi(7) 



Here the homomorphism /3 is nothing but the pull back induced from the circle 
bundle structure dBi — ) Ei. The Gysin sequence tells us that ker(/3) is generated 
by the Euler classes ei € H 2 (Ei , Z) . By diagram chasing, we easily get that 

f, :H 2 (f,Z)^H 2 (r,Z) 

is surjective and 

/* :H 3 (y,Z)^H 1 (Y,Z) 
is isomorphism. Then it follows that 

(5) N ^ im(ar). 

The surface S can be viewed as a space with G-action, where G = {l,er} is 
the cyclic group of order 2. On the category of G-sheaves on S, we have the G- 
invariant global section functor T G (,^) = T(S, ^) G . The right derived functor of 
RP(T G )(,^) is also denoted by EP(G;S,&). Then we have two natural spectral 
sequences attached to this situation, 



(6) 
and 

(7) 



!E p 2 q = R p (Y, R q (w G )^) => R p+q (G; S, 



n E p ' q = H p (G, H q (S, &)) ==> tP+ 9 (G; S, &) 



See chapter V of [6] for more details. We apply the first spectral sequence to the 
case & = Z, and note that 

f Z, q = 0; 

R q (ir G )Z = I ®V =1 E«(G,Z Xi ) yi , q>0 even; 

[0, otherwise. 

It follows that the only nontrivial differential map at the 1E2 page is 

d 2 : ®[ =1 H 2 (G,Z :Ci ) ^H 3 (y,Z). 

Lemma 2.4. (i) There is a natural isomorphism H 2 (G, Z Xi ) = H.2(Y)y i such that 
the differential map d 2 is identified with d 3 in Zeeman's spectral sequence. 
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(ii) W(Y,Z) = H l (G;S,Z) for i = 0,1. 

fm) We have the following short exact sequences 

^H 4 (F,Z) *-H 4 (G;S,Z) ^©H 4 (G, Z x< ) ^0 

*- H 2 (Y~, Z) ^ H 2 (G; S, Z) ^ M ^ 

^ N > H 3 (F, Z) H 3 (G; S, Z) 

(raj W(G; S,Z) ^H 4 _i(Y,Z) /or i = 0,1,2,3. 

Proof, (i) Let £?i be the intersection of Y and a small closed ball centered at yi as 
before. Let B\ C 5 be the inverse of Bi. Then B[ is small neighbourhood of xi £ S 
and homeomorphic to a 4-dimensional ball. The restriction of ir to dB[ gives a 
covering map, iti : dB[ — S z — > <9i?i, of degree 2. The spectral sequence /.E for the 
covering map iti gives a natural isomorphism 

W(G;dB[,1) ^W{dB h Z) 

Apply the second spectral sequence jjE to the covering map tti, we get 

H 2 (G;9B S ',Z) = H 2 (G, H°(aB 4 ', Z)) =R 2 (G,Z Xt ) 

Hence we have a natural isomorphism H 2 (dBi, Z) = H 2 (G, Z Xi ). (ii) follows directly 
from the spectral sequence jE. To prove (iii) and (iv), we only need to compare 
the spectral sequence iE with Zeeman's spectral sequence. □ 

From now on, we assume the following 

Assumption 2.5. Hi (S,Z) = 0. 

One easily sees that the assumption above implies H 1 (S', Z) = and H 3 (5, Z) = 
0. Consider the second spectral sequence uE. Since H q (S, Z) = Z, q — 0,4, with 
the trivial action of G, we have 

fZ, P = 0; 
W(G,W(S,Z)) = iZ/2Z, p = 2k,k>l- 

[o, p = 2k - l,k > 1, 

where q = 0, 4. 

Lemma 2.6. Under the assumvtions \2.5\ the following are true. 

(i) H°(G; 5, Z) = Z and H 1 (G; 5, Z) = 0. 

(ii) There is a short exact sequence 

s-H 2 (G,H°0S,Z)) = Z/2Z ^H 2 (G;5,Z) ^R 2 (S,Z) G ^0 

(iii) Ifr > 1, then H 3 (G;5,Z) = H^G, H 2 (5, Z)). 

(iv) Ifr > 1, then there is a short exact sequence 

> H 4 (G, H°(S*, Z)) ^ H 4 (G; S, Z) tor ^ H 2 (G, H 2 (5, Z)) ^ 

Proof. This essentially a restatement of the spectral sequence uE. (i) and (ii) are 
easy. For (iii) and (iv), we note that the spectral sequence gives an exact sequence 

^H 3 (G; S, Z) s-H^G, H 2 (S*, Z)) — ^- H 4 (G, H°(S, Z)) -I—*. H 4 (G; S, Z) 
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The composition of the natural map H (G;S, Z) — > ©[ =1 H 4 (G, Z^J (see Lemma 
I2.4|) with r is the natural restriction map, which is nonzero. It follows that r is 
nonzero and hence injective. Thus p = 0. Then (iii) and (iv) are easily deduced 
from the spectral sequence. □ 

Theorem 2.7. Let S be a smooth complex algebraic surface with and involution 
(7 S — y S . Assume that a has finitely many fixed points x\, . . . , x r € S, r > 1. Let 
Y = S/a be the quotient of S by the involution. IfHi(S, Z) = 0, then the following 
are true. 

(i) The homology groups of Y are given by 

H (Y,Z) = Z, Hi(y,Z)=0, H 2 (y,Z) = Z/2Z©H 2 (S,Z) G 

H 3 (y } z) = o, H 4 (y,z) = z. 

(ii) The cohomology groups of Y are given by 

H°(yz) = z, H 1 (yz) = o, H 2 (y,z)cH 2 (s,z) G 
H 3 (yz) = z/2z, H 4 (yz) = z. 

(Hi) The failure of Poincare duality on Y are measured by 

M = coker{n[y] : H 2 (y,Z) ->• H 2 (y Z)} = (Z/2Z) r - 1 , 

N = ker{n[y] : H 3 (y,Z) -» Hi(y,Z)} = Z/2Z. 

(iv) We always have r > 2 and coker{H 2 (Y, Z) ->■ H^Z) } (Z/2Z) r ~ 2 . 
f«j H 1 (G,H 2 (S',Z)) = and H 2 (G,H 2 (S',Z)) = (Z/2Z) r - 2 . 
(vi) We Ziawe i/ie following isomorphism as G -modules 

u 2 {s,z) ^z[G] r ° ®z;- 2 . 

(«nj TTie number r is always even. 

Proof. First we note that the assumption Hi (5, Z) = implies that H 1 (S', Z) = 0, 
H 2 (S, Z) is torsion free (universal coefficients) and H 3 (S, Z) = (Poincare duality). 
Since the composition of the natural maps 

ip : H 2 (G,H°(5,Z)) -> H 2 (G;S,Z) e[ =1 H 2 (G, Z Xi ) 

comes from the natural diagonal/restriction map H°(S', Z) = Z — > ®Z Xi = Z r , it fol- 
lows that ip is injective if r > 1. Actually, under the isomorphisms H 2 (G, H° (5, Z)) = 
Z/2Z and ©H 2 (G, Z X; ) = (Z/2Z) r , the homomorphism </? is nothing but the diag- 
onal map. Consider the diagram 

(8) (Z/2Z) r 




^Z/2Z ^H 2 (y,Z) ^H 2 (5,Z) G 




H 2 (y,z) 

One easily sees that the injectivity of ip implies that of tt* . Hence H 2 (y, Z) is torsion 
free. 
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To prove (i), by (iv) of Lemma \2. 41 and (i) of Lemma \2.6\ we get 
H 1 (Y, Z) = H 3 (Y, Z) = H 1 (G; S, Z) = 

Similar, we can get 

H 2 (Y,Z) = H 2 (G;S,Z) = H 2 (S, Z) G © Z/2Z 

where the second identity comes from (ii) of Lemma 12.61 Since H 1 ( Y, Z) = and 
H 2 (Y, Z) is torsion free, we get Hi(Y, Z) = 0. The conclusions in (ii) follow from 
(i) by universal coefficient theorem. To prove (iii) , we first note that Hi (Y, Z) = 
implies that N = H 3 (Y,Z) = Z/2Z. Since M and N fit into the following short 
exact sequence by HJ, 

^ M ^ ®H(Y) yi = (Z/2Z) r > N 0, 

we get M = (Z/2Z) r_1 . To prove (iv), we consider the following diagram 

s~ Z/2Z — - — > M =~ (Z/2Z) r - 2 ^ 

S-Z/2Z S -H 2 (Y,Z) ^H 2 (S,Z) G ^0 

H 2 (Y,Z) H 2 (YZ) 

Note that H 2 (Y, Z) is torsion free. This forces ip' to be injective. Hence M/0 and 
r > 2. The last column shows that coker(7r*) S (Z/2Z) r ^ 2 . By (iii) of Lemma[2H 
we get 

H 1 (G,H 2 (5,Z)) =H 3 (G;5',Z) =Hi(Y,Z) =0 
This proves the first half of (v). Consider the following diagram 

H 4 (Y, Z) H 4 (5, Z) G Z/2Z 

^H 4 (Y,Z) ^H 4 (G;5,Z) s~ ®R A (G,1 Xi ) » 

H 4 (G; S, Z) tor — H 4 (G; S, Z) tor 

We easily get H 4 (G; S, Z) tor (Z/2Z) r ^ 1 . By (iv) of Lemma HH we get 

H 2 (G,H 2 (S,Z)) = cokcr{Z/2Z -> H 4 (G; S,Z) tot } = (Z/2Z)' r ~ 2 

This proves the second half of (v). The statement (vi) follows from Lemma [2.91 
on structure of G-modules. The last statement follows from the fact that h 2 (S) is 
always even. □ 

We will be mainly interested in the case when a has fixed points, but to complete 
the picture, we state the corresponding results on the case where a is fixed point 
free. 
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Theorem 2.8. Let S be a smooth projective surface with Hi(S',Z) = 0. Let a : 
S —> S be an involution that has no fixed point and G = {1, a}. Let 7r : S — > Y be 
the quotient morphism, which is etale of degree 2. Then the following are true. 

(i) The homology groups of Y are given by 

H (F,Z)=Z; Hi(F,Z) = Z/2Z; H 2 (F, Z) = H 2 (5, Z) G © Z/2Z; 
H 3 (y,Z)=0; H 4 (F,Z)=Z. 

(ii) The cohomology groups of Y are given by 

H°(y,Z)=Z; H 1 (y,Z) = 0; H 2 (y, Z) = H 2 (5, Z) G © Z/2Z; 
H 3 (y,Z) = Z/2Z; H 4 (y,Z) = Z. 

(mj a G-module, the group cohomology o/H 2 (5 l , Z) is given by the following 
H l {G,T&{S,Z)) = (Z/2Z) 2 ; H 2 (G, H 2 (5, Z)) = 0. 
We /iawe the following isomorphism of G -modules 
R 2 (S,Z) =Z[G] r ° ©Z 2 . 
Proof. The natural quotient morphism 7r : S 1 — >• y is etale. This implies that 

\0, g>0. 

Hence the first spectral sequence /£ 2 of © degenerates and we have 

H 4 (G;5,Z) = tr(y,z), Vi > o. 

By (i) of LemmaEH we get H°(y Z) = Z and H 1 (Y, Z) = 0. By (ii) of LemmaES 
we get H 2 (y Z) = H 2 (S', Z) G ©Z/2Z. Then by the universal coefficient theorem for 
cohomology we know that Hi(yZ) = Z/2Z. This implies that H 3 (y,Z) = Z/2Z 
by Poincare duality on Y. This finishes the proof of statement (ii). Then (i) follows 
automatically by Poincare duality. The spectral sequence nE in ([7} gives a exact 
sequence 

^H 3 (y,Z) S -H 1 (G,H 2 (S',Z)) s-H 4 (G,H°(5,Z)) ^-^-H 4 (y,Z) = Z 

Since H 4 (G, H°( < S', Z)) = Z/2Z, the last homomorphism a — 0. Then we can 
conclude that H 1 (G, H 2 (S*, Z)) = (Z/2Z) 2 since this group is always 2-torsion. The 
above long exact sequence goes further as 

*-H 2 (G,H 2 (S,Z)) s-H 4 (y,Z) ^H 4 (5, Z) *-Z/2Z ^ 0. 

Since H 4 (y,Z) is torsion free, H 2 (G, H 2 (S, Z)) has to be 0. This proves (hi). The 
statement (iv) follows from the next lemma. □ 

Lemma 2.9. Let G be the cyclic group of order 2 with generator a. Assume that 
G acts on a finitely generated free abelian group A. Then we have 

a = z[G] ro © z r + © z!r 

as G-modules, where Z_ is the abelian group Z on which a acts as multiplication 
by —1 and Z + is the trivial G-module. In particular, rk(A) = 2ro + r + + r_, 
H^G, A) = (Z/2Z) r - and H 2 (G, A) = (Z/2Z) r + . 
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Proof. Let B = ker(er - 1) = A G C A and P = kcr(er + 1) C A. Consider the exact 
sequence, 

^B®P A >Q *-0 

For each element q G Q, let q G A be a lift of q. Since 

2g = (1 + &)q + (1 — a)q € B + P, 

we see that Q is of 2-torsion. Let q G Q be a nonzero element, and g € A be a lift of 
q. Since 2g = 0, we have 2q = bo +po, f° r some bo E B and po G P. We may choose 
q such that both bo and go are primitive. Let </? : Z[G] — > A be the homomorphism 
with ip(l) = q. We show that ip is injective. If ip(x + y<r) = 0, for some x, y G Z, 
then by construction, 

= (x + ya)(2q) = (x + ya)(b + p ) = (x + y)b Q + (x - y)p . 

It follows that x + y = and x — y = and hence x = y = 0. Hence we get the 
following diagram 

^ B' 8 P' > A' > Q' ^ 



>-B®P s- A >-Q >0 

f 

Z6 8 Zp >- Z[G] > Z/2Z >■ 

The middle column implies that H 1 (G, A') = H 1 (G, A) and H 2 (G, A') = H 2 (G, A). 
We next show that A' is torsion free. Since A[ or is isomorphic to the saturation of 
(p(Z[G]) modulo ip(Z[G}), we conclude that A' is either torsion free or A' tm = Z/2Z. 
If (p(x + ycr) is divisible by 2, then we have 

4 | 2ip(x + ya) = (x - y)p + (x + y)b 

Since we already know that 

4 | 2p + 26 

and bo is primitive, we conclude that x — y is odd. Hence by taking differences, we 
will get 

4 | po + mb 

for some odd number m. This means that po + mbo = 4a. But we have 

2a = p' + b' 

for some p' Q G P and b' a G B. It follows that 

Po = 2p , mb Q = 2b' . 

This is a contradiction since we choose po and 6o to be primitive. Thus A' is torsion 
free. If dim z / 2 z Q = 0, then the lemma holds automatically. By induction on 
dimQ, we may assume that A' = Z[G] r °~ 1 © Z^j_ + © llz ■ Then it follows that 

Extjtj(A',Z[G]) = Ext^(Z+,Z[G]) r + © Ext^(Z_, Z[G]) =0. 

This means that the column in the middle splits and hence 

A = z[G] ro ©z+ + ©z!r. 

This proves the lemma. □ 
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3. PRYM CONSTRUCTIONS 

In this section, we fix S to be a smooth projective complex surface with Hi (£>, Z) = 
0. Assume that a : S — »■ S is an automorphism with a 2 = 1. 

3.1. Hodge structures. Let M C Pic(£) be a saturated subgroup that is also a 
G-submodule. Let M x C H 2 (S, Z) be the orthogonal complement of M. Then M 
is again a G-module. 

Definition 3.1. The Prym part of M x is defined to be 

Pr(M x ,a) = ( ( r-l)(M x ), 

with the induced Hodge structure and an integral bilinear form (x,y) = ^{x ■ y), 
where x ■ y is the intersection pairing. 

Note that the bilinear form (x, y) is integral. Indeed, we have x = (a — l)x' and 
y = (a — l)y' for some x', y' 6 Af x . Then we get 

—x ■ y = 2^ ax ' ' a y' x ' y' ~~ <TX ' ' y' ~ x ' ' °V) = x ' ■ vt ~ ax ' ■ y' g z. 

Proposition 3.2. Assume that H 1 (G, M) = (Z/2Z) Ql <rodH 2 (G,M) = (Z/2Z) a2 . 
// a is fixed point free and a\ = 0, then we have 

Af x = Z[G] S0 © Z° 2+2 , 

/or some s > 0. if cr /ias r > isolated fixed points and 0,2 = 0, i/ien 

A/- 1 = Z[G] S ° ©Z+ 1+r ~ 2 , 

/or some s > 0. 

Proof. For any G-module N, we can define N* = Homz(iV, Z), which is again a 
G-module in a natural way. If N is free as a Z-module, then we have N* = TV 
as G-modules. By Lemma [2.91 this is reduced to (Z + )* = Z + , (Z-)* = Z_ and 
Z[G]* = Z[G], which are easy to verify. We consider the following exact sequence 

s~ M *~ R 2 (S, Z) >■ (M- 1 )* s- 0. 

If a is fixed point free, then Theorem 12.81 shows that H 2 (G, H 2 (,!?)) = and 
H 1 (G,H 2 (S")) = (Z/2Z) 2 . If furthermore a x = 0, then from the above short ex- 
act sequence we get the following exact sequence 

S -H 1 (G,H 2 (5)) >■ H 1 (G, (Af x )*) ^H 2 (G,M) »- 

and H 2 (G, (M x )*) = 0. Since M x S (M x )*, we get 

E 1 (G,M ± ) = (Z/2Z) Q2+2 and H 2 (G, M x ) = 0. 

Then the conclusion follows from Lemma 12.91 If a has r > fixed points, then 
Theorem O shows that H 1 (G,H 2 (5)) = and H 2 (G,H 2 (5)) = (Z/2Z) r ~ 2 . If 
furthermore = 0, then the associated long exact sequence becomes 

^ H 2 (G,H 2 (5)) >■ H 2 (G, (Af x )*) >. H 3 (G, M) >■ 

and H X (G, (M x )*) = 0. From this we get 

H X (G,M X ) = and H 2 (G, Af x ) = (Z/2Z) ai+r - 2 . 
Then the conclusion follows again from Lemma 12.91 □ 
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Corollary 3.3. If a is fixed point free and a\ — 0, then 

, tw„± \ h 2 (S) -rk M + a 2 , 
rkPr(Af ,er) = — — + 1. 

// er /ias r > /ixed points and a 2 = 0, then 

Pr(M ± ,a) = {a S M x : a (a) = -a} 

and 

rkPr(M x ,cr) = — + 1. 



Proof. If a is fixed point free and a\ = 0, then 2sq + a 2 + 2 = h (S) — rkM. Hence 

-rk 
2 



we get s = - ^ a2 — 1- By definition, we get 



, n „ h 2 (S)-rkM + a 2 
rkPr(M x , a) = s + a 2 + 2= ——^ + 1. 

The remaining case is proved similarly. □ 

Wc fix some notations. For any G-module N, we write 

N *=i _ jy-G _ r^, g jy . a ( x j = x } and N *=-i — {x £ N : a{x) = -x}. 

Let TV be a free Z- module with a symmetric bilinear form, then det(iV) is defined 
to be the determinant of a matrix representation of the bilinear form. For example, 
when £ is a smooth projective surface over C, the cup-product (or intersection 
form) defines a symmetric bilinear form on A = H 2 (£, Z)/tor. The Poincare duality 
implies that det(A) = ±1. 

Proposition 3.4. Let M C Pic(S') be a saturated submodule as above such that 
the intersection form restricted to M is nondegenerate and 2 \ det(Af). Assume 
that H X (G, M) = (Z/2Z) Ql and H 2 (G,AJ) = (Z/2Z) a2 . Let M ^ M* be the 
natural induced inclusion with quotient denoted by Qm- Let q' = det(Af CT= ) and 
q= \(Qm)' t= ~ 1 \- If o~ is fixed point free and ai =0, then 

det(Pr(MV) )( ,>) = ±2»+< a= ±E±^l. 

q' 2 

If a has r > fixed points and a 2 = 0, then 

det(Pr(AfV), ( ,)H ± 2< 6 = *"±* 

q 2 

Proof. We first prove the following 

Claim 1 : Let r be the number of copies of Z[G] in H 2 (5, Z), then de^H^S)^" 1 ) 
±2''°. 

Consider the following exact sequence 

B. 2 (S) a=1 © H^S*)^- 1 ^ H 2 (S) ^ (Z/2Z)' r ° ^ 0. 

By Lemma 13.51 we get 

(9) det(H 2 (S) CT=1 ) dct^iS)^- 1 ) = ±2 2r °. 

Let Y = S/G be the quotient of S by the involution a and 7r : S — > Y the quotient 
map. We use H 2 (Y) to denote H 2 (y, Z) modulo torsion. If a is fixed point free, 
then Y is smooth and there is an isomorphism 7r*H 2 (y) = K 2 (S) G . Hence we have 

detH 2 (5) G = ±2' l2(Y) = ±2 ro . 
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By combining this with the identity above, we get 

detp^S*)^- 1 ) = ±2 ro . 

If a has r > fixed points, the Y has r ordinary double points. Let / : Y — y Y 
be the minimal resolution of Y. Let Ei C Y, i = l,...,r, be the exceptional 
divisors. As in Remark l2.3l we see that f*H 2 (Y) C H 2 (Y) is simply the orthogonal 
complement of {E%, . . . , E r }. Let E C H 2 (F) be the saturation of ® r i=1 r LE l . Since 
the homomorphism K 2 (Y) — > Z' r , defined by intersecting with E^s, has cokcrncl 
N = Z/2Z, we get that E/{® r t=1 1Ei) = Z/2Z. From this and Lemma EH we 
deduce that det(E) = ±2 r ~ 2 . It follows that 

det(H 2 (F)) = dct(rH 2 (F)) = ±2 r - 2 . 

Since coker{7r*H 2 (r) <— > H 2 (5) G } = (Z/2Z) r - 2 , we have 

2 h2(Y ^ det(H 2 (F)) = det(7r*H 2 (F)) = 2 2r ~ 4 det(H 2 (5) G ). 

Note that h 2 (Y) = r + r - 2. Hence det(H 2 (5) G ) = ±2 r ». Then it follows from 
© that det(H 2 (5)' T= - 1 ) = ±2 r «. This proves Claim 1. 
Now consider the following short exact sequence 

M © M 1 - *~ H 2 (5) »- Q M >■ 0. 

By taking the cr-antiinvariant part, we have a long exact sequence 

^ M^- 1 © (M ± ) rT= ~ 1 *- H 2 (S') cr =- 1 ^ 



[Qm)^- 1 *-+ H 2 (G, M © M x ) • • • 

Note that as a G-module, Qm is canonically isomorphic to M* /M where M C M* 
is induced by the intersection form. The fact that 2 \ det(M) implies that Qm has 
no 2-torsion. Since H 2 (G, M © M x ) is always of 2-torsion, we conclude that (5 = 0. 
By Lemma 13.51 we have 

det(M CT =- 1 )det((M ± ) CT= - 1 ) = q 2 det^ 2 ^)^- 1 ). 

or equivalently, 

det((M ± ) ff= - 1 ) = ^det(H 2 (5) CT= - 1 ). 

If a is fixed point free, then the quotient of Pr(M x , a) C (Af ± ) <T= " 1 is (Z/2Z) Q2+2 . 
Then we have 

det(Pr(MV),(,» = idet(Pr(MV),0, s = rkPr(M x , a) 
= 2 2Q2 ~ S+4 det(M- L ) CT= - 1 
o 2 
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where a = rk M+3a 2 _ j n ^ ne seconc j case, we have 

det(Pr(AfV),<,» = ldet(Pr(M ± , ( r),-), « = rkPr(M x , a) 

= 2~ ;s dct(Af- L ) CT =- 1 

« 2 

= ±2 b ^-, 
q' 

where 6= rkM 2 + Q i , □ 

Lemma 3.5. Le£ N be a free Z-module of finite rank which is equipped with an 
integral symmetric bilinear form and N' C N a submodule of same rank. Then we 
have det(JV') = |iV/iV'| 2 det(iV). 

Proof. Let v = . . ,v n ) be an integral basis of N, where n = rkN. Let v' = 
(v[, . . . , v' n ) be an integral basis of N'. Then there is a matrix A such that v' = vA 
and |iV/7V'| = | det(A)|. Let T be the matrix representing the bilinear form of N 
under the basis v. Then the matrix representation of the bilinear form on N' with 
respect to v' is T" = A 1 TA. Hence by definition, we have 

det(TV') = det(T') = det(A l TA) = det(A) 2 det(T) = \N/N'\ 2 det(N). 

This proves the lemma. □ 

3.2. Chow group and Brauer group. We use Ao(S) to be the Chow group of 
zero cycles of degree 0. Then a also acts on A (S). Let Br(5) be the Brauer group 
of the surface S. Again o induces an involution on Br(5 l ). 

Definition 3.6. The Prym part of Ao(5 l ) is 

Pi(A (S),a) = (a-l)Ao(S)- 
The Prym part of Br(5) is 

Pr(Br(S , ),(i) = {<t-1)Bt(S). 

Remark 3.7. Under the assumption that Hi (5, Z) = 0, the group Ao(5) is always 
torsion free and uniquely divisible, see [10]. Then Pr(Ao(5),a) is also torsion free 
and uniquely divisible. This further implies that 

Pr(A (S),a)=A (Sy=- 1 . 

However, the same identity for Prym part of Brauer group does not hold since 
Br(5') is torsion. 

Consider the long exact sequence associated to the exponential sequence on 5, 
we have 

^Hdg 2 (S*) ^H 2 (5,Z) *-H 2 (S, O s ) ^H 2 (5, 0%) »- 0. 

Since Br(5) = H 2 (5, G* s ) tm , we get 

Br(S*) = T 2 {S) ® Q/Z = Hom(H 2 (5, Z) tr , Q/Z). 

Let M C Hdg 2 (5) = Pic(5') be saturated and nondegenerate as above. We still set 
Q M = H 2 (5,Z)/(Af © M- 1 ). Let Hdg(Q A f) be the image of Hdg 2 (5") in Q M . Set 
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T{Qm) = Qm /Hdg(QAf)- Then we have the following diagram 
(10) 



Hdg(Q M ) 



m 



■ T(Q M ) 



Hdg 2 (5) 



W(S, Z) 



■T 2 (S) »0 



Hdg(M J ~) © M ■ 



■M L ®M ■ 



• T(M- L ) 















If we take the a = — 1 parts and assume that 2 j det(M), then we get the following 
short exact sequence 



(11) 



0- 



■ T(M ± ) C 



■T 2 (S) e 



•T(Q 



0. 



The surjectivity on the right hand side follows from the fact that T{Qm) has no 
2-torsion. 

Lemma 3.8. Let N be a G -module which is free of finite rank over Z. Then 

N^' 1 ® Q/Z = Pr(iV ® Q/Z, <r) = (a - 1)(JV ® Q/Z). 

Proof. By Lemma l2~9l we only need to check for ./V = Z + , iV = Z_ and iV = Z[G], 
which are easy to verify. □ 

The above lemma leads to the following 

Proposition 3.9. Let M C Pic(S') be a G-module that is saturated and nondegen- 
erate. Assume that 2 \ det(M). Then there is a short exact sequence 







■ T(Q M ) C 



T(M ± ) a =~ 1 <g> Q/Z ■ 



■Pr(Br(5),a) 



0. 



There is a further short exact sequence 

*- K T((M- L ) ,T= - 1 ) ® Q/Z — 

where K = cokerfH^G, H 2 (5, Z)) -> H 1 (G,T 2 (5))} 



T(M J -) <T =- 1 ® Q/Z- 



Corollary 3.10. There is a short exact sequence 







■K(&T{Q 



M I 



\<r=-l 



T((M 



, T ±\a=-l 



) ® Q/Z ■ 



■Pr(Br(5),cr) 



0. 



Proof of Provosition \3.9[ We tensor sequence ([Til) with Q/Z and get 







T 0ri (T(g 



M ) 



l ,Q/z) 



T(M- L ) 



er=-l 



®Q/Z- 



■Pr(Br(5),<r) 



Since Tori (T(Q M ) ff= ~\ Q/Z) = T(Q M ) CT= ~\ the first exact sequence follows. 
Consider the short exact sequence 







Hdg(M x ) 



< M 



T(M L ) 



■0. 



0. 
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By taking the a = — 1 part, we get 

Hdg(M ± )' T= - 1 >■ {M^Y^- 1 >■ T(M ± )' T= - 1 >■ K' ^ 0, 

where K' = ker{H 2 (G, Hdg(M - 1 )) -> H 2 (G, M ± )}. In the diagram (TO), we note 
that Qm (and hence Hdg(QAf) and T(Qm)) is free of 2-torsion. This implies 
W(G,Qm) = (and hence H l (G, Hdg(Q Af )) = and W{G,T{Q M )) = 0) for all 
i > 0. The left and middle columns of ([TO]) show that 

H 2 (G, M © Hdg(A/- L )) = H 2 (G, Hdg 2 (S*)) 

and 

B 2 (G,M ± ®M) = H 2 (G,H 2 (S,Z)). 

Hence we have 

K' = ker{H 2 (G, Hdg(M^) © M) -)• H 2 (G, M 1 " © M)} 
= ker{H 2 (G, Alg 2 (S')) -> H 2 (G, H 2 (S, Z))} 
= coker{H 1 (G,H 2 (S',Z)) -> H 1 (G,T 2 (5))} 
= if. 

This gives the following short exact sequence 

T((M ± )' T= - 1 ) ^ T{M^Y = ~ 1 ^ K ^ 0. 

By tensoring with Q/Z, we get the second exact sequence. □ 

3.3. Applications to Fourfolds. On a variety Y, the Deligne complex, Z(fc)x>, is 
the complex 

Z(fc) ^ Oy »- M Y s >■ ft* -1 

where Z(fc) = (27ri) fc Z is in degree 0. The Deligne cohomology groups are defined 
to be the hypercohomology of the Deligne complex. To be more precise, 

H^(F,Z(fc)) = B?(Y,Z(k) v )- 

For small values of j and k, these groups are easy to understand. For example, the 
exponential sequence shows that Z(1)d is quasi-isomorphic to O y ^[— 1]. Hence we 
know that H|,(Y,Z(1)) Pic(Y) and Hf,(Y,Z(l)) tor Br(Y). 

Definition 3.11. Let Y be a smooth projective variety. We define 

Br 2 (Y) = Hf,(Y,Z(2)) tor . 

Remark 3.12. If iT(Y, Oy) = 0, for all i > 0, then the group Br 2 (Y) is quite 
similar to the Brauer group of a surface. If we further assume that H 5 (Y, Z) = 0, 
then the long exact sequence associated to 

s- Q Y [-2] *~ Z p (2) ^ {Z(2) -> Oy} ^ 

gives the following exact sequence 

o — ^Hd g 4 (r) — ^H 4 (r,z) — H 1,3 (y) — ^h|,(y,z(2)) — »-o. 

Here we use the fact that H 4 (Y,Z) = H 4 (Y, Z(2) — > Oy), which is a consequence 
of the vanishing of H*(Y, Oy), i > 0. The above exact sequence implies that 
Br 2 (Y) = T 4 (F) © Q/Z = Hom(H 4 (Y, Z) tr , Q/Z). 
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Let X be a smooth projective fourfold with W(X, Ox) = 0, Vz > 0. Assume 
that S parameterizes a family of curves on X given by 

V^+X 

p 

s 

Let $ = p»q* be the Abel-Jacobi homomorphism defined on cohomology, Chow 
groups and Brauer groups. To be more precise we have 

$ :H 4 (A,Z) -> R 2 (S,Z), 

$ iCHrpO ->CHo(S), 

$ :Br 2 (A) -> Br(S). 

The cylinder homomorphism ^ = q*p* is defined similarly. Let A be the saturation 
of the subgroup Sym 2 (H 2 (A, Z)) C H 4 (A, Z) of cohomology classes coming from 
H 2 (X, Z). We define the primitive cohomology of X to be 

H 4 (A,Z) prim = iV ± CH 4 (I,Z). 

Let Ai(X) = CHi(A)hom be the Chow group of homologically trivial 1-cycles on X. 
In our case, A\(X) consists all elements of a G CHi(A) such that the intersection 
number a ■ D = for all divisors D on X. Let M C Pic(5) be G-submodule such 
that 

$(A) C M and *(M) C N. 
Then the homomorphism $ induces 

$ :H 4 (A,Z) prim ^M x , 

$^(1)^^(5), 
where A (S) is the Chow group of 0-cycles of degree zero. Similarly, we have 

* :M X ^H 4 (A,Z) prim , 

* :A (5) — > Ai(A). 

Theorem 3.13. Lei S be a smooth projective surface with Hi(S, Z) = and a : 
S —± S an involution with isolated fixed points. Let X be a 4~ dimensional smooth 
projective variety with W(X,Ox) — 0, for all i > and H 5 (A, Z) = 0. Assume 
that S parameterizes a family, p : 'rf — > S, of curves on X with q : ^ — > X being 
the natural map. Set $ = p*q* and ^ = q»p* as above, which are defined on the 
cohomology, Chow and Brauer groups. Let N C H 4 (A, Z) be the saturation of the 
image of Sym 2 (H 2 (A, Z)). Let M C Pic(5) be a saturated and nondegenerate G- 
submodule such that $(A) C M and *(M) C N. 
(i) Assume that the following three conditions hold, 

(a) . * o $ = -2 : H 4 (A,Z) prim -> H 4 (A,Z) prim ; 

(b) . $of = cr-l:M i -^ M ± ; 

(c) . E 1 (G,M ± ) = 0. 
Then $ induces an isomorphism 

$ : H 4 (A,Z) prim -> Pr(AfV)(-l), 
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which respects the bilinear forms of the two sides, namely 

mx),$(y))=-(x-y) x , Vz )2 /eH 4 (X,Z) prim . 
(ii) Assume that the following two conditions hold, 

(a). * o $ = -2 : AipO -> A X (X); 

f&| $ o * = a - 1 : A (S) -> A (S). 
Then there is a canonical isomorphism 

Ax(X) Pr(A (5),cr) © (2-torsion), 
such that $ : Ai(X) — > Pr(Ao(S'), a) is simply the projection. 

(Hi) Let the assumptions be the same as in (i). If 2 { det(M) det(iV), then for 
"Brauer" groups, we have a short exact sequence 

*- K ^ Br 2 (A) — ^ Pr(Br(S'), a) ^ 0, 

where K = cokeriH^G, H 2 (S, Z)) -> R 1 (G,T 2 (S))}. 

Proof. To prove (i), we first show that $ : H 4 (X, Z) pr i m — > M is injective with 
Im($) C Pr(M- L ,cr). For any element a G H 4 (X, Z) prim , set a = $(a) G M 1 -. If 
o = 0, then 

-2a = = *(a) = 0. 

This implies a = since H 4 (X, Z) is torsion free. This shows that $ is injective. 
We also have 

(a - l)a = $ o *($(q)) = $(-2a) = -2a, 

which implies tr(a) = -a, namely a € (Af- L ) ff=-1 . Since H^G, M x ) = 0, we 
know that a G P^M^jct). We next show that Im($) = Pi^M^ct). To do this 
we only need to show that "J : M — > H 4 (A, Z) pr j m is surjective. Indeed for any 
a G H 4 (A, Z) pr i m , we know that a = $(a) can be written as a = (a — l)oo, for 
some do G M 1 - . Let a' = ^(ao), then 

<J>(a') = $ o *(a ) = (a — l)a = a = $(a). 

Since $ is injective, this forces a = a 1 = ^>(ao). Hence is surjective. We still 
need to check the compatibility of the bilinear forms. Let x, y G H 4 (A, Z) pr i m , then 

($(x), = i($(a:) • $(j/)) s = 5 (a; • = -(s • v)x- 

Let /? G AipT) be arbitrary and set b = $(/3) G A (5). Then we can show that 
a(b) = -b. If b = 0, then -2/3 = #(b) = 0. On the other hand, if /3 is 2-torsion, 
then 4>(/3) = since Ao(5) is torsion free by a theorem of Roitman 10 j. This 
implies that 

ker($) = Ai(A)[2] = {/3 G A^X) : 2/3 = 0}. 

Since Aq(S) is uniquely divisible, the element bo = — \b G Ao(5) is well-dehned 
and cr(b ) = -b . Let /?' = *(b ) G Ai(A). Then 

$(/?') = (a - l)b = -2b = b = 

This implies that /3 — f3' € ker(<I>) and hence 'J is surjective modulo 2-torsion. 
Thus we conclude that $ : Ai(X) — > Pr(Ao(5),cr) is surjective with kernel being 
of 2-torsion. Then the image of "J/ gives the natural splitting. This proves (ii). 
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To prove (iii), we note that there is a short exact sequence relating Br 2 (X) to 
the group T(R 4 (X, Z) pr i m ), namely 



0- 



T(Q N ) 



T(H 4 (X,Z) prim ) 



Br 2 (X) 



■0. 



Here Q N = N*/N = H 4 (X, Z)/(N © R 4 (X, Z) prim ). Let Hdg(Qjv) be the image of 
Hdg 4 (X) in Qn, then T(Qm) = Q n /Hdg(Q n) . Note that by assumption, Qn has 
no 2-torsion and hence so does T(Qn). The above short exact sequence together 
with the one obtained in Corollarv l3.101 we get the following diagram 







K®T{Q 



\<r=-l 



■T((M 



) <8 Q/Z ■ 







T(Qjv) 



■T(H 4 (X,Z) prim )®Q/Z- 



Pr(Br(S , ),cj) 
Bi 2 (X) — 











The assumptions imply that * o $ = -2 : Br 2 (X) Br 2 (X). This implies ker($) 
is of 2-torsion. The snake lemma shows that ker($) is isomorphic to coker(0). 
Since T(Qm) and T(Qn) are all free of 2-torsion, we conclude that <f> : T{Qm) — > 
7 1 (<5a/) ct= ~ 1 is isomorphism and ker($) = K. □ 



4. Cubic fourfolds 

In this section, we fix X C IP^ to be a smooth cubic fourfold. Let F — F(X) be 
the variety of lines on X. One naturally embeds F into the Grassmannian G(2, 6). 
It is known that F is smooth of dimension 4, see pQ. Let P = P{X) be the total 
space of lines on X. We have the following diagram 

P^X 

p 

F 

A. Beauville and R. Donagi showed in [|j that F is actually irreducible holomorphic 
symplectic, i.e. H°(F, £1^) is generated by a everywhere nondegenerate holomorphic 
2-form lo. Furthermore, they proved that the Abel-Jacobi homomorphism 

$=p»q* :H 4 (X,Z)(1) ^H 2 (F,Z) 

is an isomorphism of Hodge structures. The primitive cohomology of X , H 4 (X, Z) pr ; r 
is defined to be all elements orthogonal to h 2 under the intersection pairing, where 
h is the class of a hyperplane on X. Let b(— , — ) be the Beauville-Bogomolov bi- 
linear form on H 2 (F, Z). The primitive cohomology of F, denoted H 2 (F, Z) pr i m , is 
defined to be all elements orthogonal to $(/i 2 ) under the bilinear form b. Then it 
is further proved in [4] that $ induces an isomorphism 

$:H 4 (A,Z) prim ^H 2 (F,Z) 

prim 

and the intersection form on X and the Beauville-Bogomolov form on F are related 

by 

&($(x),$(y)) = -{x-y) x 

for x, y G H 4 (X,Z) prim . 
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Definition 4.1. Let M be a finitely generated free abelian group with a non- 
degenerate integral symmetric bilinear form b\ : M x M — > Z. Such an M will be 
called a non-degenerate lattice. Let x G M be a nonzero element. We define the 
scale, (x), of a; to be the largest integer that divides 61 (to, x) for all m G M. The 
(+)- modification of (M, &i) by a; is a new lattice whose underlying abelian group is 
still M while the new bilinear form, b 2 = to+(6i), is given by 

b 2 (a,/3) = b x {a, f3) + - — ]—-b 1 {x,a)b 1 {x, (3). 

Similarly, the (— )- modification of (M, 61) by x is (M, b 2 = m~(b\)) where the new 
bilinear form is given by 

b' 2 {a,(3) = h(a,(3) - - ^ ^h(x, a)h(x, (3). 

(Sb 1 \x)) 

Lemma 4.2. Let (M,b\) be a non-degenerate lattice and x G M a nonzero el- 
ement. Let (M,b 2 ) be the (+) -modification of (M,b\) by x and (M,b' 2 ) be the 
(— ) -modification. Then the following are true 

(i) The modification by x is the same as the modification by ax for all nonzero 
integer a. 

(ii) Let s be the scale of x in (M, b\) and b\(x, x) — scq with cq G Z. Then the scale 
of x in (M, b 2 ) is s + c and the scale of x in (M, b' 2 ) is s — c . 

(Hi) If s + cq ^ 7 then the (— ) -modification of (M,b 2 ) by x is (M,b\); Ifs — co ^ 
then the (+) -modification of (M,b' 2 ) by x is (M, 61). 

(iv) Assume that s±cq ^ 0, then the orthogonal complement x 1 - of x is independent 
of the bilinear forms. 

(v) Assume that M carries a Hodge structure of weight 2k and x G M k ' k . If b\ 
respects the Hodge structure in the sense that 

b 1 (M i *,M i ' J ') = 0, ifi^f, 

then both b 2 and b 2 respect the Hodge structure of M . 

Proof. For any a G M, we have 

b 2 (x, a) = bUx, a) + ^-bi(x,x)bi(x, a) = (s + co) ^ X, °^ 
s z s 

When a runs through M, runs through every integer. Hence the scale of x 

in (M, b 2 ) is s + c . This proves the first part of (ii). The second part is proved in 
a same way. The remaining statements follow directly from the definitions. □ 

From now on, we will identify H 4 (X, Z) with H 2 (F, Z) as free abelian groups 
with Hodge structures, which will be denoted A. Let A G A be the element that 
corresponds to h 2 G H 4 (X, Z), where h is the class of a hyperplane on X. On F, the 
element Ao is nothing but the polarization coming from the Pliicker embedding of 
the Grassmannian G(2, 6). Let bo : A x A — > Z be the intersection form on H 4 (X, Z) 
and b : A x A — > Z be the Beauville-Bogomolov form on H 2 (F, Z). 

Proposition 4.3. (i) The bilinear form b can be written as b = —m^ g (b ), i.e. 

b(x, y) = b (x, \ )bo(y, Ao) - b (x, y), Vx, y G A. 

(ii) The bilinear form bo can be written as bo = —m^ o (b), i.e. 

bo(x, y) = \b{x, X )b(y, A ) - b(x, y), Vx, y e A. 
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Proof. This is essentially a restatement of the result of Beauville and Donagi. The 
identification of H 4 (A, Z) and H 2 (F, Z) is via the Abel-Jacobi isomorphism $. We 
know that &(Ao,Ao) = 6 and b(x,y) = —bo(x,y) for x, y <E H 4 (X, Z) pr ; m . By 
Proposition 6 of [4], we know that Ao is orthogonal to H 4 (A, Z) pr ; m under b, then b is 
uniquely determined by its restriction to Ao and H 4 (X, Z) pr i m . One checks that the 
bilinear form given by the formula in (i) coincides with b after restricting to Ao and 
H 4 (X, Z) pr im- This forces (i) to be true. To prove (ii), we only need to check that the 
scale of Ao in (A, b) is equal to 2. This can be seen easily by considering the special 
case when A is a Pfaffian cubic fourfold. In this case F = where S is a -Re- 
surface of degree 14. Under the canonical isomorphism H 2 (F, Z) ~ H 2 (5, Z) © 15, 
we have Ao = 21 — 55 with / being the class of the degree 14 polarization on S. From 
this, we computes that 6(Ao, A) = 2Z and hence the scale of Ao in (A, b) is 2. □ 

Remark 4.4. Let Ao = (Ao) 1 - C A, which is independent of the bilinear form. If 
x e Ao, then b(x,y) = —bo{x,y), for all y G A. 

Let I C X be a general line on X. Then we have the following splitting type of 
the normal bundle of I in X, 

We will use to denote the positive sub-bundle 0(1) C JVi/x- Let S\ C F be 

the space of all lines meeting I. It is known that Si is a smooth surface, see |16) . 
On Si, there is a natural involution a : Si —¥ Si. If [I'] S Si is a point different 
from [I], then cr([2']) is the residue line of I U The line I determines a unique 
linear Pi = P 2 C P 5 which is the span of I and the positive subbundle <y^t x - The 
intersection of Pi and X is given by 

Pi X = 2l + l . 

Then <r([Z]) = [Iq]. The involution a has 16 isolated fixed points. The quotient of 
Yl = Si /a is a quintic surface in P 3 with 16 ordinary double points. To apply the 
results from the previous sections, we need the following lemma whose proof will 
be given later. 

Lemma 4.5. The surface Si satisfies Hi($j,Z) = 0. 

Let pi : ffi —> Si be the total space of lines meeting I and qi : ^ — > X be the 
natural morphism. Let 

$J - (PiUqiT :H 4 (A,Z) ^H 2 (5 /; Z) 

be the associated Abel-Jacobi homomorphism and 

= (qiUPiT :H 2 (5 /; Z) ^H 4 (A,Z) 

be the associated cylinder homomorphism. Similarly we can define the Abel-Jacobi 
and cylinder homomorphisms for the Chow groups. By abuse of notations, we will 
still use $; and ^i to denote them, i.e. 

$z = (pi)*{qi)* ■ CLL(X) -> CHi-iOSi), 

and 

*l = (qi)*(piT- CHiOSj) -> CH 4+1 (A). 
Note that the action a induces an involution on H 2 (5;,Z) and also CHi(Si) via 
pull-back. We will still use a to denote this action. On Si, we have two natural 
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divisor classes g and g'. The class g is the restriction of Ao. The class g' is defined 
as follows. For any point x G I, all lines passing through x form a curve C x C Si. 
We define 5' to be the class of the curve C x . 

Definition 4.6. The primitive cohomology of Si is defined to be 

H 2 (S* i ,Z) prim = {a G H 2 (S h Z) :aU S = 0,aUj' = 0} 
Note that on the group Bi2(X), we have 

$l = (pi)*(qi)* :Bv 2 (X)^Rl{S h Z(l)) toT =B T (Si). 
Now we state the main theorem of this section. 

Theorem 4.7. Let notations be as above, then the following are true. 

(i) The action a preserves primitive classes on Si, i.e. 

a : H 2 (Si, Z) prim — > H 2 (5 ; , Z) prim 

(ii) The Abel-Jacobi homomorphism induces an isomorphism 

$ ; : H 4 (X,Z) prim -> Pr(H 2 (^,Z) prim ,a)(-l) 

of Hodge structures that respects the bilinear forms. This means that for any a, ft G 
H 4 (A, Z) pr im, we have 

<*,(«)» ®i{P)) = -{a-f3) x . 
(ra_j For i/ie Chow groups, let h\(X) be the Chow group of 1-cycles on X of degree 
0. Let Aq(Si) be the Chow group of 0-cycles on Si of degree 0. Then the Abel-Jacobi 
homomorphism also induces an isomorphism 

$i : Ai(X) ^Pr(Ao(S0,<7) 

of abelian groups. In particular, Ai(X) is uniquely divisible. 

(iv) For the "Brauer groups", we have that <&i fits into an exact sequence 

^ K Br 2 (X) — ^ Pr (Br(Sj ) , a) >■ 0, 

where K ^E 1 (G,T 2 (S l )). 

(v) The group K C Br 2 (A) is independent of the choice of the general line I C X. 

Proof. The main idea of the proof follows [13] (Proposition 3.3). Let {It C X : t <E 
T} be a 1-dimensional family of lines on X with Iq = I for some closed point OeT. 
Let I C F x F be the incidence correspondence. Let 

It = I\ Stt xs, cCH 2 (S it xSi) 

be the restriction of the incidence correspondence. Let 

I = lim/ t G CH 2 (^ xSi). 

By definition, Iq induces the homomorphism <!>; o vf; on cohomology, Chow groups 
and Brauer group. To give a description of Iq, we denote v = Jj|t=o & H°(Z, ,-Ai/x)- 
Assume that the secant lines of the pair (l t , I) (see [T2] for the definition) specialize 
to Ex,...,Es e Si. For each [I'] G Si — [I], we can canonically associate a linear 
p3 c p5 p ass j n g through x = V H I in the following way. If i' ^ -Ej, Vi = 1, . . . , 5, 
then we take the linear span of V, I and v x to be the P 3 associated to /'; If I' = E. L 
for some i, then we take the corresponding P 3 to be the linear span of I, v x and 
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the ©(Indirection in JpEi/x- There are 6 lines, denoted {I, V, L±, L2, £3, L4}, on 
X that pass through x and lie on the linear P 3 . Then Iq is generically defined by 

p : [V] h> a([l'}) + [L x ] + [La] + [L 3 ] + [L 4 ]. 

This means that Jo is represented by the closure f p of the graph of the above 
multiple valued map. Let Si be the blow up of Si at the point [I]. Then we get 
a fibration structure w : Si — >• /, which extends the map [/'] H> x = V (~1 I. The 
exceptional divisor of the blow-up is mapped isomorphically onto I. Hence we can 
identify the exceptional divisor with I. For x G I, we can define a linear P 3 to be 
the linear span of I, v x and the ©(Indirection of jVi/x- There are again 6 lines, 
denoted 21, L x 1; . . . , L x 4, on X passing through x that lie in the linear P 3 . The 
rule 

x h-> a([l]) + [L x<1 ] + [L x , 2 ] + [L Xi a] + [L xA ] 

extends p to a l-to-5 multiple valued map p from S\ to Si. When x runs through 
I, the points {L x i, . . . , L xA } traces out a divisor D C Si. Hence we have 

(12) f p = {([h], lh}) : [h] t£ [l], [l 2 ] e p([h})} U {[/]} x D C Si x Si. 

Claim 1: The divisor class of D is equal to a(C x ). The class g can be written 
as g = 2C X + <j(C x ). [Also see Lemme 2 in §3 of [To].] 

This can be seen as follows. By definition, D\c m + 2[l] — Kc x - We know that 
C x is a (2, 3)-complete intersection in P(Tx, x ) = P 3 - Hence we can embed C 
P 1 x P 1 . We see that <r(C x ) l~l C x consists of points on C x which are on the same 
horizontal or vertical rulings as [/]. Hence we have ciC^c^ + 2[Z] = Kc x - This 
gives (D — <j(C x ))\c x — for all general x G C x . This forces D to be the same as 
a(C x ). The class ^i(C x ) G CH 2 (X) is represented by the surface swept by all lines 
passing through x. It is known that is class is 2ft 2 , where h is the hyperplane, see 
13] (Lemma 3.6). Then it follows that 

20 = $,o#,(O B ) 

= \Iq)*C x = \Pp)*C x 

= a(C x )+4C x + D. 

Hence we get g = 2C X + a(C x ). 

Claim 2: The primitive lattice H 2 (S';, Z) pr i m is simply the orthogonal comple- 
ment of M = ZC X © ZC£, where C x = a(C x ). As a G = Z[cr]-module, we have 

H 1 (G,H 2 (^,Z) prim ) -0. 

This follows from Claim 1 and Proposition 13.21 

The statement (i) is automatic since H 2 (S';, Z) pr i m = M . The above argument 
shows that <!>; o <3> ; = a — 1 on primitive cohomology and Chow groups. The proof of 
the theorem relies on a second identity ^>i o $ ; = —2 which holds on the primitive 
part of both cohomology and Chow groups. This was proved in .13] (Theorem 
2.2). Then the theorem follows from Theorem I3.13[ except (iii). Since Ai(A) is 
generated by lines (see Corollary 4.3 of [H]), we know that the natural cylinder 
homomorphism Ao(_F) — > Ai(X) is surjective. By the theorem of Roitman [TU], the 
group Ao(F) is uniquely divisible. Hence Ai(X) is divisible. It follows that in the 
isomorphism of (ii) of Theorem l3.13[ there is no 2-torsion part. 

It still remains to show that the group K is independent of the choice of the 
line I C X. Let l\,l2 C X be two different general lines. Set Si = S^ with the 
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involution <Xj, i — 1,2. Let <I?i and "fi, j = 1,2 be the corresponding Abel-Jacobi 
and cylinder homomorpliisms. Then the incidentce correspondence L12 C Si x 52 
induces 

[r 12 ]* = $ 2 °*i :H 2 (5 l5 Z) ^H 2 (5 2 ,Z). 
On the primitive cohomology, the homomorphism [T12]* naturally factors into 

H 2 (5i, Z) pr ; m P 1 P 2 H 2 (52, Z) pr i m , 

where Pi = Pr(H (Si, Z) pr i ro) <7j) and the induced map 712 is an isomorphism. Let 
Mi C Pic(5j) be the natural submodule. We can compute explicitly that 

Q Mi S (Z/5Z)+ © (Z/3Z)_. 

By Proposition I3.9[ we have 

>■ T(Q Ml ) CT1 =- 1 ^ T(Pi) <g> Q/Z »- Pr(Br(5i), ai) »- , 

-2 712 

T(Q M2 )^=- a »- T(P 2 ) <g> Q/Z ^ Pr(Br(5 2 ), a 2 ) >■ 

where the vertical arrow in the middle is an isomorphism. Hence 712 is surjective. 
The composition of $1 : Br 2 (X) — > Pr(Br(5i), <7i) and 712 is equal to 4> 2 . It follows 
that ker(7 12 ) is of 2-torsion. Since the groups in the first column are of 3-torsion, 
we know that ker(7 12 ) can only have 3-torsion. This forces 712 to be injective and 
hence an isomorphism. Then we have 

K x = ker{$! : Br 2 (X) -y Pr(Br(5i), tn)} 

= ker{7 12 o $! : Br 2 (X) Pr(Br(5 2 ), cr 2 )} 
= ker{$ 2 : Br 2 (X) -> Pr(Br(5 2 ), a 2 )} 
= K 2 . 

This finishes the proof of the Theorem. □ 
Corollary 4.8. For the transcendental lattices, the Abel-Jacobi map 

$1 :H 4 (X,Z) tr -►H 2 (S, ) Z)£=- 1 

is an isomorphism and 

coker{4> ; : H 2 (S' / ,Z) tr H 4 (X,Z) tr } = if 

as abstract groups. 

Proof. We have the natural identifications 

Br 2 (X) = Hom(H 4 (X,Z) tr ,Q/Z), Pr(Br(Sz), a) = Hom(H 2 (5 z , Z) tr ,Q/Z) ff=_1 . 

The Abel-Jacobi homomorphism <£>; : Br 2 (X) — > Pr(Br(5;), a) is induced by 

:H 2 (5,Z) tr ^H 4 (X,Z) tr . 

By applying Hom(— , Q/Z), we see that if has the same size as the cokernel of "J/; on 
the transcendental lattice. Since T 2 (Si) is isomorphic to H 2 (S';, Z) tr as G- modules. 
We know that 

K £* tffG.H 2 ^,^) = H 2 (S ; ,Z)r~7*;(H 2 (S /7 Z) tr ) 
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as abstract groups. This shows that in the sequence of inclusions 

^(H 2 (S ; ,Z) tr ) H 4 (X,Z) tr H 2 (Sj,Z)^ r =_1 , 

the quotient of the last term by the first has the same size as that of the second 
by the first. Thus the second inclusion, which is the same as <!>;, is actually an 
equality. □ 

It is not clear yet whether K ^ actually happens. The following proposition 
shows that one expects K = to happen generically. 

Proposition 4.9. Let X be a smooth cubic fourfold and I C X a general line. Let 
Yi be the quotient of Si be the involution a. //rkPic(Yj) = 1 and rkPic(S';) < 3, 
then K = 0, i.e. 

:Br 2 (X) ->Pr(Br(Si),<7) 

is an isomorphism. 

Proof. Let Xi be the blow-up of X along the line I. Then the projection from I 
defines a morphism X\ — > P 3 which realizes Xi as a conic bundle over P 3 . The 
surface Si parameterizes lines in the singular fibers and Yi C P 3 is the discriminant 
divisor. By assumption, Pic(Yj) is generated by the hyperplane class A. It is known 
that 7r* A = C x + C£, where ir : Si — >• Yi is the natural double cover; see Lemme 2 in 
§3 of [16 . If the Picard rank of Si is 2, then Alg 2 (S;) = M and M x = H 2 (S z ,Z) tr . 
In this case we already know that K = H 1 (G, M- 1 ) = 0. 

Assume that the Picard rank of Si is 3. Then Pic(S/) = ZC X © ZC£ © Za for 
some class a. Since a(a) + a = 7r*7r*a is a multiple of 7r*A, we have 

a + cr(o) = n(C x +C%), neZ. 

We replace a by a — nC x and assume that a (a) = —a. Hence Pic(£j) = Z[G] © Z_ 
as a G-modulc. In particular, H l (G, Pic(5;)) = Z/2Z for odd i. The intersection 
form on the Picard group, with respect to the basis chosen above, is given by 
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where m = a ■ C x and d = (a) 2 . One computes that det(A) — — 5(3c? + 2m 2 ). Let 
{/, f a ,a} be the dual basis of Pic(S' ; )* and {/, / CT , a} its image in Pic(5/)*/ Pic(5 z ). 
Then f + f a has order 5 and (3d + 2m 2 )a = 0. If 3 { m, then a is of order 
N = \3d+ 2m 2 1 and we have 

Pic(Si)*/Pic{Si) ^ (Z/5Z)+ © (Z/iVZ)_. 

If m = 3too, then a is of order N' = \d + 6to§| and 

Pic(5i)*/Pic(5z) = (Z/5Z)+ © (Z/JV'Z)_ © (Z/3Z)_. 

In either case, we know that the 2-primary part T 2 of {Pic(S'/)*/ Pic(S , ;)} CT=1 is 
isomorphic to Z/2Z. The exact sequence 

^ Pi c (5,) © H 2 (S' i , Z) tr ^ H 2 (5 ; , Z) Pic(5/)* / Pic(5 ; ) >- 0. 

gives an exact sequence 

T 2 > H 1 (G, Pic(Si)) © H 1 (G, H 2 (Si , Z) tr ) H 1 (G, H 2 (5, , Z)) = 0. 
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Since H 1 (G,Pic(5/)) = Z/2Z and T 2 = Z/2Z, we know that H^G, H 2 (Sz, Z) tr ) = 0. 
This implies that if = 0. □ 

5. Proof of Lemma [4751 

Let V be a complex vector space with dim V = 6 and G € Sym 3 V* such that 
G = defines a smooth cubic fourfold X C P(V). Let {eo, ei, . . . , eg} be a basis 
of V and {Xq, X\, . . . , X$} the dual basis of V* . Let G(r, V) be the Grassmannian 
parameterizing r-dimensional subspaces of V. On G(r, V), there is the canonical 
rank r subbundle V r of the trivial bundle V <E> OgiV.v)- More generally, we will 
use G(ri,r2,V r ) to denote the flag variety parameterizing V\ C V2 C V with n = 
dimVi < r 2 = dim 14- In the particular case of r\ = 1 and r 2 = 2, we have the 
following diagram 

G(l, 2, V) — G(l, V) = P(V) 



G(2,V) 

On G(l, 2, F), we have the natural inclusions 

/*Vi c 5 *v 2 c v. 

By definition, Sym 3 V* is a quotient of V* ® V* ® V*. However, we can natu- 
rally identify Sym 3 V* with the symmetric tensors in (V*)® 3 . More precisely, the 
inclusion Sym 3 V* C (V*)® 3 is given by 

where (i, j, fc) runs through all permutations of {1, 2, 3}. Hence G £ Sym 3 V™ maps 
to an element G in (V*)® 3 and we write 

G = ^ a^feXj ® ® X fe . 

Let G' be the image of G under the natural map 

V* ® V* ® V* ^ Sym 2 (V*) <g> V*. 
If we identify Sym 2 V* <g> V* with Hom(V, Sym 2 V*), then G' gives an element 

Gi £ Hom(^,Sym 2 V*). 
If we identify Sym 2 V* <g> with Hom(Sym 2 V, V*), then G' gives an element 

G 2 6 Hom(Sym 2 y,^*). 



We can also write 



i=0 i=0 

The canonical element 1 6 Hom(V, V) = F&iV"* = Hom(0p(y), V®CV(y)(l)) gives 
a homomorphism 

e : O v(V ) -)• V ® 0p(v)(l), l^^e*®^. 
It is well known that this fits into the following Euler exact sequence 

— o P(y) v (8 Op (v) (1) — >■ r P(y) — 
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There is a natural identification 

Rom{V, Sym 2 V*) - Hom(V ® O r(v) , P[V) (2)). 
Hence G\ induces a homomorphism 

Gi :V ®O nv) ^O nv) {2). 
Similarly, G 2 also induces a homomorphism 

G 2 : Sym 2 V (g> P(y) ->■ P (y)(l). 
It is easy to check that the composition 

O nv) V (8 Op (V )(l) -^i- Op (K ) (3) 

is simply given by the element G £ Sym 3 V*. Hence on the cubic fourfold X, the 
above composition is and hence Gi® 1 factors through Tw v \ \x- Let p : Twy\ \x — > 
Ox (3) be the resulting homomorphism. Then all these homomorphisms fit into the 
following diagram 

Tx T V (y)\x — - — >■ Ox (3) 



Ox^^=O x 

where all the horizontal and vertical sequences are exact. We identify / : f~ l X — > 
X with 7T : ¥(T v{ y)\ x ) -> X, and let £ be the relative C(l)-class. Then by the 
identity 

Rom(T P{v) \x,O x (3)) = H°(X, O x (3) ® 7r,O(0) 

= H°(P(T P(y) U), 0(0 ® 7T*O x (3)), 

the homomorphism p defines an element pi € H (P(Tp(yj |x ), 0(0 ® 7r*Ox(3)). 
The vanishing of pi defines P(Ty) C P(Tp(y)|x)- This can already be seen from 
the above diagram. However, we give another proof which gives more information. 

Given a point v = \V\ C V 2 C V] S G(l,2, F), we take a basis {wijUa} of V 2 
such that Vi = C«i. Let i € A 1 be an affine coordinate, then 

5 BC 5 f)C 

(13) G( Vl + tv 2 ) = G(vi) + tJ2 («i )*< («2 ) + * 2 J2 X * ^ QX~. ^ ) + • 

If v G f~ l X, then G(v\) = 0. Hence the line ly 2 , defined by V 2 C V, is tangent to 
X at the point 7r(u) 6 X if and only if 

(14) E|^ (ui)Xi(U2) = - 

i=0 1 

Note that the truth of the above equality is independent of the choice of the basis 
{1)1,1)2} ■ Tracing the definition of pi, we see that equation (j!4[) is the same as 
pi = 0. This can be carried out explicitly as follows. The composition 

n*(Vi\ x ® Vi|x) ® (ff*V 2 )|/-ijc *~ V g> 1/ ® V Cp(T F(y) | x ) 
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factors through ir* (Vi|x<S>Vi|x)<8>(g*V2/ / *Vi)|/-ix- The resulting homomorphism 
is exactly 

5 8C 

Y,qx. ® X i : t*(Vi|x ®Vi|x) ® (5*WVl)|/-ix -> <5. 

i=0 1 

Note that Vi = P( y)(-l), g*V 2 /f*Vi = where 0/(1) is the relative 0(1) 

bundle of 

/:G(l,2,V)=P(V/Vi)->P(tO 
Since T r{v) = (V/Vi) <g> V*, we get 

o f (i) = o(o®f*o nv) (i). 

Hence we have 

5 dG 

J2dx.® Xi& ^om{n*(Vi\ x ® Vi|x) ® (^/.TVO^-ix, 0) 
i=0 1 

= Hom(7r*e» x (-2) ® (0(-£) ® 7T*0(-1)), 0) 

= H°(P(T P(v) | x ),0(O®7r*Ox(3)), 

and this element is exactly pi. Assume that pi = 0, then equation (|13[) tells us 
that Zy 2 intersects X with multiplicity at least 3 at the point [v{\ G X if and only if 

i=0 

Proceed in a similar way, we see that the above condition is the same as a vanishing 
of some element 

p 2 GH°(P(T x ),O(20®7r*Ox(3)). 
If we further assume p 2 = 0, then ly 2 is contained in X if and only if some element 

P3 eH°(P(Tx),0(3£)®7T*0x(3)) 

vanishes. These facts can summarized in the following 

Proposition 5.1. Let X C P(V) be a smooth cubic fourfold defined by G = as 
above. Let F be the variety of lines on X with p : P — > F being the total family 
of lines and q : P — > X the natural morphism. Then there is a natural closed 
immersion P C P(Tx) and P is a (2£ + 3Zi, 3£ + 3h)-complete intersection, where 
£ is the relative 0(1) class of it : P(7x) X and h = n*h is the pull back of the 
hyperplane class. 

Let Z C X be a general line and Si the surface parameterizing all lines meeting 
I. The line Z itself defines a closed point [I] E Si. It is known that Si is smooth. 
Let Si be the blow-up of Si at the point [Z]. Then there is a morphism 717 : Si — >• Z, 
[Z'] M> Z' (~l Z. Then 5; is naturally identified with q" 1 (Z). 

Corollary 5.2. There is a natural closed immersion Si C ¥(Tx\i) such that Si is 
a (2£ + 3/, 3£ + Sf)-complete intersection and tti = ir\g , where f — n* \pt]. 

To show that Hx(Sj,Z) = 0, it suffices to show that Hi(S°,Z) = 0, where 
S° = Si — [I] . The above corollary allows us to prove Lemma 14.51 using some 
generalized version of Lefschetz Hyperplane Theorem for quasiprojective varieties, 
see §2.2 of [5]. 
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Proof of Lemma pT5[ Let Z = P(Tx\i)- Since I c X is general, we have Tx\i — 
Oi(2) © Oi{l) © Of. This canonically gives 

Z x = P(Oi(2)) C Z 2 = P(0,(2) © 0,(1)) C Z. 

Easy computation shows 

H°(Z, 0(2£ + 3/)) = E°(l, tt*(0(2£ + 3/))) 

= H (J,Sym 2 (n^)®O;(3)) 

= C,(-l) © O, © ; (1) 3 © ; (2) 2 © O z (3) 3 ) 

= C 25 . 

This means |2£ + 3/| = P 24 . 

Claim 1: The base locus of |2£ + 3/| is Z\ and this complete linear system 
induces an immersion ip : Z — Z\ = U — > P 24 . 

First note that Z\ = P 1 is the section of ir : Z — > I that corresponds to fl x \i -» 
Oi{-2). This means that £| Zl = 0(-2). Hence 0(2£ + 3/)| Zl = O p i(-1). Hence 
Z\ is contained in the base locus of |2£ + 3/|. Let z\, 22 G Z — Z\ be two arbitrary 
points. The natural quotient homomorphism 

defines a morphism pr Z2 ■ Z - Z 2 -> P(Of) = !xP 1 . Let p 2 : / X P 1 -> P 1 be the 
projection to the second factor. Assume that it(zi) ^ ^(z 2 ) and either 21,22 ^ ^2, 
P2 ° prz 2 ( z i) ^ Vi° P r z 2 { z 2) or one of the Zi's is in Z 2 , then we can find a section 
C = P 1 C Z that corresponds to Oj^ |; -» O(l), such that C passes through both 
z\ and z%. For such a section, we have 0(2£ + 3/)|c — 0(5). One checks that the 
image of the restriction map 

H (Z,O(2£ + 3/))^H°(C, O c (5)) 

defines a closed immersion of C. If 2:1,22 ^ ^2 7 ^(^1) 7^ 7r ( z 2) and j»2 prz 2 ( z i ) = 
P2 PTz 2 {z 2 ), then we can find a section C that corresponds to -» O such 

that C passes through both z\ and 22- In this case 0(2£ + 3/)|c — 0(3) and the 
restriction map 

H (Z,O(2£ + 3/))^H°(C, O c (3)) 

is surjective. If z\, z 2 G Z 2 , then we can take a section C such that £|c = 0(— 1). 
In this case, we again have that 

H (Z,O(2£ + 3/))^H°(C, O c (l)) 

is surjective. If 21,22 are in the same fiber, we simply take C to be the line the 
the fiber connecting them. In this case, if C does not meet Z\. then the restriction 
map 

H (Z,O(2e + 3/))^H (C,O c (2)) 
is surjective. If C meets Z\ then the image of the above map consists of all sections 
vanishing at Z\f]C '. In summary, there is always a rational curve C passing through 
2i, 22 such that the linear system |2£ + 3/|, restricted to C, defines an immersion of 
C — Z-y, This show that the linear system separates points of Z — Z\, By a similar 
argument, one shows that for any point 2 6 Z — Z\ and a tangent vector v G Tz. z , 
there is a curves C such that 2 G C and C is tangent to v and furthermore, the 
linear system defines an immersion of C — Z\. This shows that the linear system 
separates tangent vectors on Z — Z\. 
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Claim 2: A general element Y £ |2£ + 3/| is smooth. 

By Bcrtini's theorem, Y can only have singularities along Z\ C Y . But we know 
that Si is a smooth (2£ + 3/, 3£ + 3/)-coniplete intersection and Zi C S/. This 
forces Y to be smooth along Z\ for the Y appearing in the complete intersection. 
Hence a general Y is smooth along Z\ . 

Claim 3: For a general element Y G |2£ + 3/|, we have Hi(Y,Z) = 0. 

Let Z = Blz 1 (Z) be the blow up of Z along Z\. Then we have a diagram 

E 1 s>Z 



Zi s-Z 

The normal bundle of Z\ in Z can be described as follows 

^/z = t z/; | Zi = o Zl (0 ® (^Txyoi-O)^ - o(-i) e o(-2) 2 . 

This implies that Ej = P(0(-1) © 0(-2) 2 ). Let £ x be the relative Oil) class of 
E x = P(£>(-1) © C(-2) 2 ) -> Zi = P 1 and f x the class of a fiber. Then we have 

(<7*(2£ + 3/)-£i)| Bl =&-/i. 

There is a canonical section Z x = P(C(-1)) C £j = P(C(-1) © C(-2) 2 ) of <ti. 
Since = 0(1), we get (^i — /i)|^ =0. Using the above argument of restricting 
a* (2£ + 3/) — Si to rational curves, we see that the complete linear system |<t*(2£ + 
3/) — Ei | defines a morphism 

<p : Z P 24 , 

such that is an immersion on Z — Zi and contracts Z\ to a singular point. As a 
P 3 -bundle over P 1 , the variety Z has trivial Hi, i.e. Hi(Z, Z) = 0. Since the center 
of the blow up a is a rational curve, we have Hi(Z, Z) = 0. Hence we also have 

H 1 (C/ , 1 ,Z)=Hi(Z,Z)=0, 

where U\ = Z — Z\. Let Y" be the blow up of Y along Z\, then Y C U\ is a 
hyperplane section and 

H 1 (y,z) = H 1 (y,z). 

By the generalized Lefschetz hyperplane theorem (§2.2 of [S]), we get 

Hi(y,Z) = Hi(£/i,Z) = 0. 

This proves Claim 3. 

The combination of Claim 2 and Claim 3 implies Hi(Y°,Z) = 0, where Y° = 
Y — Z\. We note that Zl (3£ + 3/) = 0(-3) and Oz 2 (3£ + 3f) = O z ^Z x ). The 
base locus of |3£ + 3/| is Z\ and it defines a morphism ijj : U = Z — Zi — >• P 37 
such that Z2 — Z\ is contracted to a point. Furthermore, ip\z-z 2 is an immersion. 
Let Y' G 1 3^ + 3/| be general, then S° = F° n V is a smooth surface that is 
homeomorphic to 5°. Furthermore, E° is a hyperplane section on Y°. Again, by the 
Lefschetz hyperplane theorem for quasiprojective varieties, we have Hi(E°,Z) = 0. 
This implies Hi(S , °,Z) = 0, which finishes the proof. □ 
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6. Conic bundles 

In this section we study rationally connected fourfolds which admit a conic bun- 
dle structure. To be more precise, let X a smooth projective variety of dimension 
4. Let / : X — > B = P 3 be a flat dominant morphism. Assume that Xf, = P 1 for a 
general point b G B. Such X will be called a conic bundle over B. Let A C B be 
the degeneration divisor. It consists of points b € B such that A& is either a broken 
conic or a double line. Let S be the surface parameterizing lines in the degenerate 
fibers, then there is a natural degree 2 morphism n : S — > A. This induces an 
involution a : S — > S. For simplicity, we make the following assumptions. 

Assumption 6.1. (1) The surface S is smooth and irreducible with Hi(S', Z) = 0; 
(2) The involution a at most finitely many isolated fixed points; (3) The degener- 
ation divisor A is of odd degree. 

Remark 6.2. Actually we know that a has at least one fixed point. Otherwise, 
7r : S — > A is an etale double cover. But the Lefschetz Hyperplane Theorem implies 
that A is simply connected and does not have etale double covers. 

By construction, we have the total family of lines in degenerate fibers given by 
the following diagram 



p 

S 

Let $ = p*q* be the Abel-Jacobi homomorphism and ^ = q*p* be the cylinder 
homomorphism as in Section 3.3. 

To understand the geometry of X and S better, we note that in our case, we 
can always find a rank 3 vector bundle S on B such that i : X ^ P(<?), see |11) . 
Let fx : ¥(S) -> B be the natural projection with / = / x o i. Let £ 6 Pic(P(<?)) be 
the Chern class of the relative C(l)-bundle. Then the divisor class of X on P(<f) is 
equal to 2£ + /j* C\ (_£?) for some line bundle ££ on B. Hence X determines, up to a 
scalar, a global section s G H°(P(<f), /* _Sf (g> C P (^)(2)) and X is the vanishing locus 
of s. The grassmannian G(2, <§) can be viewed as the parameter space of lines on 
P(<?) and S naturally embeds into G(2, <§). Put these together, we get the following 
diagram 

(15) %f — C-G(l,2,<) -^P(^) 

V 9 fi 

S 3 —* G(2, S) — ^— >- fl 

On the Grassmannian G(2,<?), there is natural rank 2 sub-bundle V2 of Let 
£1 = then we have 

H°(P(<?), A'JSf 8) O(20) G H°(G(1, 2, g),h* ® 0(2&)) 
= H (G(2,^),^( 5 7 2 *Jf®O(2a))) 
= H°(G(2,^),/ 2 *if®Sym 2 (V 2 *)) 
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Hence the element s determines a section s' 6 H°(G(2, <f), /| Jzf ® Sym 2 V 2 ). Then 
by defintion, S is simply the vanishing locus of s' . This shows that 

[5] = C3 (/ 2 *if®Sym 2 V 2 *) 

holds in H 6 (G(2, <?), Z). Let M C H 2 (S,Z) be the saturation of the image of the 
restriction homomorphism H 2 (G(2, £), Z) ->■ H 2 (5, Z). 

Lemma 6.3. TTie subgroup M is actually a G-module and H 1 (G, M ) = 0. 

Proof. Since H 2 (G(2, <?), Z) is generated by a = ci(V2) and /g/i, where h is the 
hyperplane class on B. It is easy to see that cr(h\g) = h\s- Let V 2 = j*V 2 . Let A 
be the smooth locus of A and S° — 7r _1 (A°). By sending a point t G S° to the 
singular point of Xt where b = ir(t), we have a section r : S° — > ^. This section 
descends to a section to : A — » P(#). The closure S of r(S' ) in is the blow-up of 
S at the fixed points of a; the closure A of To(A°) in P(<£") is the minimal resolution 
of A. On the surface S°, we have the following short exact sequence 

s~ j# s~ V 2 © a*V 2 s- £\ s - 

The projection ./# — > V 2 to the first factor composed with the natural inclusion 
V 2 — > <?|go, defines the section r. This means that t*0(— 1) = Hence we get 

Cl (V 2 ) + <7* Cl (V 2 ) = Cl(«f | S ) - T*(Ck) = Cl (#| S ) - 7r*r *£. 

If we can show that Tg^ is a class that comes from B = P 3 , then we know that 
er*ci(V 2 ) is again an element in M, which shows that M is a G-module. Hence it 
remains to study the class Tq£. Note that the element 

s e E?(P(£),fiSf®0(2€)) 
= K°(B,Sym 2 (£*)(S>5?) 
C H°(5,<r igxT <E> if) 
= Hom(# , #* ® Jgf) 

determines a homomorphism 

Now consider the following composition 

— - ® ^f). 

which defines an element (9 e H°(P(#), 0(1) <g> ® if)). The surface t (A°) 

is defined by the vanishing of 0. On the surface tq(A°), we have a short exact 
sequence 

(16) *0(-£) *-f{g 

where & is locally free of rank 2 and another short exact sequence 

(17) »-/J(«f*®JSf) ^ifi 

where ifi is an invertible sheaf on A . By dualizing the sequence (|17p . we get 

(18) ►JSff 1 ®/^ ^0, onr (A ). 
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Since s is symmetric, we know that the above sequence is essentially the same as 
(jl6]l . This implies that 

= ^* ® fljSf, on r (Ao). 

By taking the first Chern classes of both sides, we get ci(J^") = /-j*ci(Jz?). Together 
with sequence (|16|) . we see that £| ro (A°) is a class that comes from B. Hence Tq£ 
comes from B. If we trace the quantities above, we get Tq£ = (ci(_Sf) — ci(<? ))|a - 
From this identity, we can get 

Cl {V 2 ) + <7 Cl (V 2 ) = (2 Cl (<f ) - Cl (if))| s . 

We next show that H 1 (G, A/) = H'lG,! 1 ) = 0. To do this, wc only need to 
show 2 \ det(M). Indeed, the condition that 2 \ det(M) implies that Qm has no 
2-torsion and hence FT(G, Qm) — for all z > 0. Then the short exact sequence 

^ M © M 1 - *- H 2 (S, Z) s> Q M s> 

gives W(G, M © M ± ) = fF(G, U 2 (S, Z)) for all i > 0. Since a has fixed points, by 
Theorem^ we have H X (G, H 2 (S, Z)) = 0. 

It remains to show that 2 { det(M). To do this, we only need to show that 
2 \ det(Mo) for some submodule Mo C M of full rank. This is because we have 
det(Mo) = det(M)|M/M | 2 . In our case, we take M to be the Z-linear span of a 
and cr(o), where a = ci(V 2 ). We take ai = a and a 2 = a + u(a). We have already 
seen that a 2 = 2c l {S\ s ) - c x (Jz? \ s ). Note that 

/3i| S U/3 2 |s = 2([A]u/3 1 U/3 2 ) 

is even, for all /3i, f3 2 G H 2 (5, Z). It follows that (a 2 ) 2 is even. Let d = (ai) 2 (a 2 ) 2 — 
(ai U o 2 ) 2 . If we can show that ai U o 2 is odd, then 2 \ do and hence do / 0. 
This would imply that Mo is of rank 2 and det(Mo) is odd. There is a natural 
identification G(2, S) S G(l, Let 77 be the relative 0(1) class of G(l, <f *), then 
we have the following short exact sequence 

V 2 fig 0(77) 0. 

From this we deduce that 

d(V 2 ) = /| Cl (#) - v , c 2 (V 2 ) = r 2 c2{s) - fSc^r, + v 2 . 

Then the class of S in H 6 (G(2, S ), Z) is given by 

[S] = C3 (/ 2 *J^®Sym 2 V 2 *) 

= C3 (Sym 2 V 2 *) + c 2 (Sym 2 V 2 *)/ 2 *ci(j2?) + ci(Sym 2 V a *)/ 2 *d(JSf ) 2 + / 2 ci(^) 3 
= 4 Cl (V 2 *)c 2 (V 2 *) + (2 Cl (V 2 *) +4c 2 (V 2 *))/ 2 * Cl (^) 

+ 3 Cl (V 2 *)/ 2 * Cl (^) 2 + / 2 * Cl (^) 3 
= 3(r? - / 2 * Cl (#))/| Cl (=Sf) 2 + / 2 *ci(i?) 3 , mod 2 



34 



MINGMIN SHEN 



Hence we have 

01 U a 2 = [S] U (/ 2 *ci(^) - ??) U / 2 *(2ci(<?) - ci(JS?)) 
= [5]Uj?U/ 2 *ci(jSf), mod 2 
= 3(77 - / 2 * Cl (^))/ 2 * Cl (^) 3 Uj,, mod 2 
= r/ 2 U/ 2 * Cl (^) 3 , mod 2 
= ci(^) 3 , mod 2 

Note that the class of A is given by [A] = -2c Y {S) + 3ci(_Sf). The fact that deg(A) 
is odd implies that ci(Jz?) is odd. Hence we conclude that ai U a 2 is odd. □ 

Corollary 6.4. The module M is isomorphic to Z[G] as a G-module. 

Proof. The above proof shows that H 1 (G, M) = 0, which implies that as G-modules 
we have cither M = Z[G] or M = (Z + ) 2 . But the fact d Q / implies that a (a) ^ a. 
Hence M is not isomorphic to (Z + ) 2 . □ 

As in Section 4, we use A C H 4 (A, Z) to denote the saturation of Sym 2 H 2 (A, Z). 
The following lemma assures that $(7V J -) C M 4 - and *(Af- L ) C A 4 -. Note that 
A 4 - = H 4 (A,Z) prim by definition. 

Lemma 6.5. The modules M and A are related by *(M) C A and <&(A) C M. 

Proof. The inclusion $(A) C M is quite straight forward since 

A ® Q = Im{H 4 (P(<f ), Q) H 4 (A, Q)}. 

For the inclusion ^>(M) C A, the only non-trivial part is x I'(ci(V 2 )|s) 6 A. On the 
total space we have the exact sequence 

Oy P*(fV 2 ) ® Oy(0 7V /S 0, 

which shows that *(j*ci(V 2 )) G A is equivalent to that q*ci(T<#/ S ) G A. The 
surface S is naturally a double cover of A and we get K$ = tt*Ka = {d— 4)7t*(/i|a), 
where e? = deg(A) and h is the class of a hyperplane of P 3 . Hence we get c\(K<g) = 
Ci(T^/ s ) +p*7r*(d — 4)(/i|a), from which we conclude that q*c\{T<g/ S ) G A is 
equivalent to g*AV G A. By the relation 

Cl(Jk/x) -K v = ~q*K x , 

we see that it suffices to show q*c\{j^/ x ) G A. The following fact is standard. 
If we have two rational curves C\ and C 2 on a surface Y such that they meet 
transversally in a point y, then ^c/Yld — ^c 1 /y{v)^ where C = C\ U C 2 . If 
we globalize this and apply to the family ff/S, we get J/^jx — p*'K*0/\{dh) ® 
O v (-t(S)). Thus we only need to show q*[r(S)] G A. Note that q*[r(S)] = 2 [A], 
where A is the locus of singular points in the fibers of / : X — > B. So every thing is 
reduced to showing [A] G A. In the proof of the previous lemma, we showed that 
A is defined by the vanishing of 6 G H°(P(<?), 0(1) <8> <g> if)). We can view 6 

as a homomorphism 

6 : ftg2>0{-£)->&. 

let 77 : 0(-2£) = £>(-£) £>(-£) -)■ /j"*? <8> £>(-£) be the natural homomorphism 
induced by 0{—£) — > f{ § . Then X is defined by the vanishing of 9 o r\. Let £1 be 
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the quotient of 0(—£) — > f\S ■ Then on X, since 9 o r/ = 0, we have an induced 
homomorphism 

whose vanishing defines the class [A] on X. Hence 

[A] = c 2 (cS* <g> (D(£) <g> ffJif)\x 

is a class coming from P(<?) and hence is in N. □ 

Lemma 6.6. The identity '5 o $ = — 2 /io/rfs as a homomorphism H 4 (X, Z) pr i m — > 
H 4 (X, Z) pr i m and aZso as a homomorphism A\(X) — > Ai(A). 

Proof. Let /o : T — > X be either a continuous map from real 4-dimensional topo- 
logical manifold to X or a morphism from an algebraic curve to X. For each 
point t E T, the lines in P(<?) passing through x = fo(t) is parameterized by 
W(Tp(g)/B,x)- This shows that here is a map/morphism j : E = P(J^o) - ► G(2, <?), 
where = /o7p(^)/B- This gives rise to the following diagram 

(19) dU^— *~X' ^X 

ii i 

P ^ G(l, 2, S) -^->- P(<?) 

9' s 
E £L-^G(2,<r) 

where all the squares are fiber products. Each line on P(<?) meets X in two points; 
D 2 corresponds to the point on /o(r) and Di corresponds to the remaining point. 
Let ifii : Di — > X, i — 1, 2, be the natural maps. To make the exposition simpler, all 
the following identities will be understood to be modulo homological equivalence 
when T is a topological cycle and modulo rational equivalence when T is an algebraic 
cycle. By definition, we easily see that (y?i)*[-Di] = 7r*7r*[r] and 

= {<Pi)*[Di] ■ £ = (tt'tt.Pi]) • t 

Let pi : Di — V E, i = 1,2, be the natural maps, then p 2 is an isomorphism while 
pi is isomorphism way from points t 6 E such that the corresponding line L t is 
contained in X. If L t is contained in X, then p^it) — L t . Let E a D\ he the 
exceptional loci of the map p\. Since the restriction of £\z >1 + [E] to each E t is 
trivial, we conclude that 

(20) H\ Dl +E = plb, 

for some cycle class b from E. It follows that b = (pi)*(£\d 1 )- As classes on E, we 
have 

+ (p 2 )*(£|d 2 ) - g'JlKdx] ■ 

= g'M 2 + Cl (j2f) • 
= 2. g :(£|p) 2 + Cl (^)| s . 

Note that (p2)*(£|r> 2 ) = "*(£|r)j where f : E = P(=^b) -> T is natural map. On 
P = P(V 2 |s), we have the following identity 

(£|p) 2 + </*ci(V 2 |e)(£|p) + ff'*c 2 (V 2 | s ) = 0, 
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which implies that gi(£|p) 2 = — ci(V2| E ). On S, we have the following diagram 

Qx — Qx 
> E > i/*(<?|r ® Or(0) * v * ^ ^ 



^0 E > V 2 | E ® v*O v {i) >C(-A) >0 

where A is the class of the relative 0(l)-bundle of S = P(^o) - ► T. The last row 
gives 

ci(V 2 | s )+2^(£|r) + A = 0. 
Combine the above identities, we get 

b = (pi)*(£M 

-2. 9 :(eip) 2 + Cl (^)| s -( P2 ),(eb 2 ) 

= -2c 1 (V 2 | E )+c 1 (jSf)| E -i/(£| r ) 
= 2A + 3i/*(£| r )+ci(JS?)| E . 

Note that if we write 7 = (/ )*[r], then ^ o $(7) = Hence we have 

o$( 7 ) = <puptb - <p u (£\ Dl ) 

= i¥l*P*lb + f2*p2 b ) - f2*P*2 b - <Pl*(£bi) 

= i*hi*ji*g'*b - ip2*p^b - (/?i*(£|.Di) 
= — <p 2 */0 2 b, mod classes from P(<?) 
= — <p 2 */0 2 (2A), mod classes from P(<?) 
= -2 7 . 

In other words, ^ o $(7) + 27 is always a class from f(<S). By linearity, this is true 
for any cycle class 7 in H 4 (X,Z) or A^X). Note that H 2 (P(<?), Q) H 2 pf,Q) 
and H 4 (P((f),Q)) -> TV Q arc all isomorphisms. Let 7 G H 4 (X,Z) prim , then 
^/ o $(7) + 27 is again in H 4 (X, Z) prim , this forces it to be zero. Hence ^ o $(7) = 
-27. Similarly, we have * o $(7) = -27 for all 7 e Ai(X). □ 

Lemma 6.7. TTie identity 3> o ^ = <r — 1 ZioZds as an endomorphism of M 1 - and 
also as an endomorphism of A a (S). 

Proof. The total space can be viewed as an element in CH3 (SxX). Let ff 1 C X x 
5 be the transpose of . Then $0* is induced by p\z*{p\ 2 ^ 'Ph^) 6 CH 2 (5xS). 
The cycle Pi 2 ^ is represented by 

d = {([l],x, [/']) eSxIxS:ie!} 

and p 2 3^* is represented by 

C 2 = {([Z],x, [/']) eSxIxS:ief}. 

Note that Ci n C 2 = Ti U T 2 , where 

ri - {([/], x,a([l})) : x ClUa(l)}, T 2 = {([/], x, [/]) : z e /}. 
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The intersection C\ ■ G2 = 71 + 72 where 71 = [ri] and 72 G Ct^^). Hence 

Pi3*(Ci • C 2 ) = T a + aA s , 

for some a G Z, where r CT is the graph of er. Pick a general point [/] G S, then 
one easily shows that $ o $([/]) = cr([Z]) — [/] and thus a = — 1. Hence we have 

$ o vp = (7 - 1. □ 

By the above lemmas and Theorem 13. 131 we easily get the following theorem. 

Theorem 6.8. Let f : X C P(#) 4 B = F 3 fc « standard conic bundle with the 
associated double cover n : S —¥ A i/iai satisfies A s sumption \ 6. 1[ Let 'rf d S x X 
be the total space of lines with the natural projections p : c tf —¥ S and q : — >• X . 
Let j : S ^ G(2,<o) be the natural inclusion and M C H 2 (S, Z) be the saturation 
of the image of j* : H 2 (G(2, <T), Z) -> H 2 (5,Z). Lei $ = p»<f &e i/je Abel-Jacobi 
homomorphism and ^ — q*p* be the cylinder homomorphism as above. Then the 
following are true. 

(i) The Abel-Jacobi homomorphism induces an isomorphism 

$ : H 4 (X,Z) prim ->■ Pr(A/ ± , ( x)(-l), 
which is compatible with the bilinear forms, namely 

{$(x),*(y)} = -(x-y) x , Vx,yeR 4 (X,Z) pxim . 

(ii) There is a canonical isomorphism 

ki{X) Pr(A (5),o-) © (2-torsion), 

such that $ : Ai(X) — > Aq(S) is identified with the projection to the first factor. 
(Hi) There is a short exact sequence 

^ K ^ Br 2 (X) Br(S) *~ 0, 

where K = R 1 (G,T 2 (S)). 

Proof. To apply Theorem 13. 131 in (hi), we only need to show that 2 j det(iV). Since 
det(iV) = det(TV-L) and N 1 - = H 4 (X,Z) prlln P = Pr(M- L ,cr), we only need to 

show that det(P) is not divisible by 2. By Proposition l3.4[ we have det(P) = ±2^-, 
where q — \(Qm)' t= ~ 1 \ and q' — det(M CT=_1 ). By assumption q is not divisible by 
2. Hence we only need to show that 2 divides q'. Since M = Z[G], we can hnd 
x G M such that M a =- 1 = Z(cr(x) - a:). Hence q' = (<r(x) - xf = 2(x 2 - x ■ a(x)), 
which is divisible by 2. □ 

Remark 6.9. (a) It is quite likely that the assumption Hi (5, Z) = holds au- 
tomatically. If Sym 2 (V2) <8> were an ample vector bundle on G(2,<f), then 
Hi (S, Z) = by a theorem of Sommese [15] since S is the vanishing of a section of an 
ample vector bundle. Unfortunately, in our case the vector bundle Sym^VI)®/^.^? 
is never ample. However, we still expect that Hi(5, Z) = holds true, (b) If X is 
very general such that Pic(S) = M, then K = and $ : Br 2 (X) -» Pr(Br(S), a) is 
an isomorphism. It would be very interesting to see if the group K is always trivial 
or not. 
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